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PREFACE

This online book is meant to provide an open science “living” resource on uncertainty characterization methods for
the MultiSector Dynamics (MSD) community and other technical communities confronting sustainability, climate,
and energy transition challenges. The last decade has seen rapid growth in science efforts seeking to address the
interconnected nature of these challenges across scales, sectors, and systems. Accompanying these advances is the
growing realization that the deep integration of research from many disciplinary fields is non-trivial and raises important
questions. How and why models are developed seems to have an obvious answer (“to gain understanding’). But what
does it actually mean to gain understanding? What if a small change in a model or its data fundamentally changes our
perceptions of what we thought we understood? What controls the outcomes of our model(s)? How do we understand
the implications of model coupling, such as when one model is on the receiving end of several other models that are
considered “input data”?

The often quoted “All models are wrong, but some are useful.” (George Box) is a bit of a conflation trap, often used to
excuse known weaknesses in complex models as just an unavoidable outcome of being a modeler. In fact, the quote ac-
tually refers to a specific class of small-scale statistical models within an application context that assures a much higher
degree of understanding and data quality control than is typical for the coupled human-natural systems applications in
the MSD area. Moreover, Box was actually warning readers to avoid overparameterization and emphasizing the need
to better understand what underlying factors cause your model to be wrong [1].

So, in short, there is a tension when attaining better performance by means of increasing the complexity of a model or
model-based workflow. Box highlights that a modeler requires a clear diagnostic understanding of this performance-
complexity tradeoff. If we move from small-scale models simulating readily-observed phenomena to the MSD context,
things get quite a bit more complicated. How can we provide robust insights for unseen futures that emerge across a
myriad of human and natural systems? Sometimes even asking, “what is a model?” or “what is data?” is complicated
(e.g., data assimilated weather products, satellite-based signals translated through retrieval algorithms, demographic
changes, resource demands, etc.). This MSD guidance text seeks to help readers navigate these challenges. It is meant
to serve as an evolving resource that helps the MSD community learn how to better address uncertainty while working
with complex chains of models bridging sectors, scales, and systems. It is not intended to be an exhaustive resource,
but instead should be seen as a guided tour through state-of-the-science methods in uncertainty characterization, in-
cluding global sensitivity analysis and exploratory modeling, to provide insights into complex human-natural systems
interactions.

To aid readers in navigating the text, the key goals for each chapter are summarized below.

Chapter | uses the Integrated Multisector Multiscale Modeling project as a living lab to encapsulate the challenges that
emerge in bridging disciplines to make consequential model-based insights while acknowledging the tremendous array
of uncertainties that shape them.

Chapter 2 helps the reader to better understand the importance of using diagnostic modeling to interrogate why uncertain
model behaviors may emerge. The chapter also aids readers to better understand the diverse disciplinary perspectives
that exist on how best to pursue consequential model-based discoveries.

Chapter 3 is a technical tools-focused primer for readers on the key elements of uncertainty characterization that in-
cludes ensemble-based design of experiments, quantitative methods for computing global sensitivities, and a summary
of existing software packages.

Chapter 4 narrates for readers how and why the tools from the previous chapter can be applied in a range of tasks
from diagnosing model performance to formal exploratory modeling methods for making consequential model-based
discoveries.

The supplemental appendices provided in the text are also important resources for readers. They provide a glossary
to help bridge terminology challenges, a brief summary of uncertainty quantification tools for more advanced readers,
and a suite of Jupyter notebook tutorials that provide hands-on training tied to the contents of Chapter 3 and Chapter 4.



https://im3.pnnl.gov

This text was written with a number of different audiences in mind.

Technical experts in uncertainty may find this to be a helpful and unique resource bridging a number of perspectives
that have not been combined in prior books (e.g., formal model diagnostics, global sensitivity analysis, and exploratory
modeling under deep uncertainty).

Readers from different sector-specific and disciplinary-specific backgrounds can use this text to better understand po-
tential differences and opportunities in how to make model-based insights.

Academic or junior researchers can utilize this freely available text for training and teaching resources that include
hands-on coding experiences.

This text itself represents our strong commitment to open science and will evolve as a living resource as the communities
of researchers provide feedback, innovations, and future tools.
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CHAPTER
ONE

INTRODUCTION

This guidance text has been developed in support of the Integrated Multisector Multiscale Modeling (IM3) Science
Focus Area’s objective to formally integrate uncertainty into its research tasks. IM3 is focused on innovative modeling
to explore how human and natural system landscapes in the United States co-evolve in response to short-term shocks and
long-term influences. The project’s challenging scope is to advance our ability to study the interactions between energy,
water, land, and urban systems, at scales ranging from local (~1km) to the contiguous United States, while consistently
addressing influences such as population change, technology change, heat waves, and drought. Uncertainty and careful
model-driven scientific insights are central to the project’s science objectives shown below.

IM3 Key MSD Science Objectives:

Develop flexible, open-source, and integrated modeling capabilities that capture the structure, dynamic behavior, and
emergent properties of the multiscale interactions within and between human and natural systems.

Use these capabilities to study the evolution, vulnerability, and resilience of interacting human and natural systems
and landscapes from local to continental scales, including their responses to the compounding effects of long-term
influences and short-term shocks.

Understand the implications of uncertainty in data, observations, models, and model coupling approaches for projec-
tions of human-natural system dynamics.

Addressing the objectives above poses a strong transdisciplinary challenge that depends on a diversity of models and,
more specifically, a consistent framing for making model-based science inferences. The term transdisciplinary science
as used here formally implies a deep integration of disciplines to aid our hypothesis-driven understanding of coupled
human-natural systems—bridging differences in theory, hypothesis generation, modeling, and modes of inference [2].
The IM3 MSD research foci and questions require a deep integration across disciplines, where new modes of anal-
ysis can emerge that rapidly synthesize and exploit advances for making decision-relevant insights that at minimum
acknowledge uncertainty and more ideally promote a rigorous quantitative mapping of its effects on the generality of
claimed scientific insights. More broadly, diverse scientific disciplines engaged in the science of coupled human-natural
systems, ranging from natural sciences to engineering and economics, employ a diversity of numerical computer mod-
els to study and understand their underlying systems of focus. The utility of these computer models hinges on their
ability to represent the underlying real systems with sufficient fidelity and enable the inference of novel insights. This is
particularly challenging in the case of coupled human-natural systems where there exists a multitude of interdependent
human and natural processes taking place that could potentially be represented. These processes usually translate into
modeled representations that are highly complex, non-linear, and exhibit strong interactions and threshold behaviors
[3, 4, 5]. Model complexity and detail have also been increasing as a result of our improving understanding of these
processes, the availability of data, and the rapid growth in computing power [6]. As model complexity grows, mod-
elers need to specify a lot more information than before: additional model inputs and relationships as more processes
are represented, higher resolution data as more observations are collected, new coupling relationships and interactions
as diverse models are being used in combination to answer multisector questions (e.g., the land-water-energy nexus).
Typically, not all of this information is well known, nor is the impact of these many uncertainties on model outputs
well understood. It is further especially difficult to distinguish the effects of individual as well as interacting sources of
uncertainty when modeling coupled systems with multisector and multiscale dynamics [7].

Given the challenge and opportunity posed by the disciplinary diversity of IM3, we utilized an informal team-wide




survey to understand how the various disciplines typically address uncertainty, emphasizing key literature examples and
domain-specific reviews. The feedback received provided perspectives across diverse areas within the Earth sciences,
different engineering fields, as well as economics. Although our synthesis of this survey information highlighted
some commonality across areas (e.g., the frequent use of scenario-based modeling), we identified key differences in
vocabulary, the frequency with which formal uncertainty analysis appears in the disciplinary literature, and technical
approaches. The IM3 team’s responses captured a very broad conceptual continuum of methodological traditions,
ranging from deterministic (no uncertainty) modeling to the theoretical case of fully engaging in modeling sources
of uncertainty. Overall, error-driven analyses that focus on replicating prior observed conditions were reported to be
the most prevalent types of studies for all disciplines. It was generally less common for studies to strongly engage
with analyzing uncertainty via more formal ensemble analyses and design of experiments, though some areas did show
significantly higher levels of activity. Another notable finding from our survey was the apparent lack of focus on
understanding how model coupling relationships shape uncertainty. Although these observations are limited to the
scope of feedback attained in the team-wide IM3 survey responses and the bodies of literature reported by respondents,
we believe they reflect challenges that are common across the MSD community.

In the IM3 uncertainty-related research that has occurred since this survey, we have observed that differences in termi-
nology and interpretation of terminology across modeling teams can be confounding. One of the goals of this eBook
is to provide a common language for uncertainty analysis within IM3 and, hopefully, for the broader MSD community.
While individual scientific disciplines would be expected to retain their own terminology, by providing explicit defini-
tions of terms we can facilitate the translation of concepts across transdisciplinary science teams. To begin, we use the
term Uncertainty Analysis (UA) as an umbrella phrase covering all methods in this eBook. Next, we distinguish the
key terms of uncertainty quantification (UQ) and uncertainty characterization (UC). UQ refers to the formal focus on
the full specification of likelihoods as well as the distributional forms necessary to infer the joint probabilistic response
across all modeled factors of interest [8]. UC refers to exploratory modeling of alternative hypotheses to understand
the co-evolutionary dynamics of influences and stressors, as well as path dependent changes in the form and function
of modelled systems [9, 10]. As discussed in later sections, the choice of UC or UQ depends on the specific goals
of studies, the availability of data, the types of uncertainties (e.g., well-characterized or deep), and the complexity of
underlying models as well as computational limits. Definitions of key uncertainty analysis terms used in this eBook
appear below, and our Glossary (Chapter C.2.2) contains a complete list of terms.

* Exploratory modeling: Use of large ensembles of uncertain conditions to discover decision-relevant combina-
tions of uncertain factors

e Factor: Any model component that can affect model outputs: inputs, resolution levels, coupling relationships,
model relationships and parameters. In models with acceptable model fidelity these factors may represent ele-
ments of the real-world system under study.

 Sensitivity analysis: Model evaluation to understand the factors and processes that most (or least) control a model’s outpu

— Local sensitivity analysis: Varying uncertain factors around specific reference values
— Global sensitivity analysis: Varying uncertain factors throughout their entire feasible value space

* Uncertainty characterization: Model evaluation under alternative factor hypotheses to explore their implica-
tions for model output uncertainty

» Uncertainty quantification: Representation of model output uncertainty using probability distributions

At present, there is no singular guide for confronting the computational and conceptual challenges of the multi-model,
transdisciplinary workflows that characterize ambitious projects such as IM3 [11]. The primary aim of this text is to
begin to address this gap and provide guidance for facing these challenges. Chapter 2 provides an overview of diagnostic
modeling and the different perspectives for how we should evaluate our models, Chapter 3 summarizes basic methods
and concepts for sensitivity analysis, and Chapter 4 delves into more technical applications of sensitivity analysis to
support diagnostic model evaluation and exploratory modeling. Finally, Chapter 5 provides some concluding remarks
across the UC and UQ topics covered in this text. The appendices of this text include a glossary of the key concepts,
an overview of UQ methods, and coding-based illustrative examples of key UC concepts discussed in earlier chapters.

2 Chapter 1. Introduction



CHAPTER
TWO

DIAGNOSTIC MODELING OVERVIEW AND PERSPECTIVES

This text prescribes a formal model diagnostic approach that is a deliberative and iterative combination of state-of-the-
art UC and global sensitivity analysis techniques that progresses from observed history-based fidelity evaluations to
forward looking resilience and vulnerability inferences [12, 13].

2.1 Overview of model diagnostics

Model diagnostics provide a rich basis for hypothesis testing, model innovation, and improved inferences when classify-
ing what is controlling highly consequential results (e.g., vulnerability or resilience in coupled human-natural systems).
Fig. 2.1, adapted from [6], presents idealized illustrations of the relationship between UC and global sensitivity analysis
for two coupled simulation models. The figure illustrates how UC can be used to address how uncertainties in vari-
ous modeling decisions (e.g., data inputs, parameters, model structures, coupling relationships) can be sampled and
simulated to yield the empirical model output distribution(s) of interest. Monte Carlo frameworks allow us to sample
and propagate (or integrate) the ensemble response of the model(s) of focus. The first step of any UC analysis is the
specification of the initial input distributions as illustrated in Fig. 2.1. The second step is to perform the Monte Carlo
simulations. The question can then be raised, which of the modeling assumptions in our Monte Carlo experiment are
the most responsible for the resulting output uncertainty. We can answer this question using global sensitivity analysis
as illustrated in Fig. 2.1. Global sensitivity analysis can be defined as a formal Monte Carlo sampling and analysis
of modeling choices (structures, parameters, inputs) to quantify their influence on direct model outputs (or output-
informed metrics). UC experiments by themselves do not explain why a particular uncertain outcome is produced,
but produce distributions of model outcomes, as portrayed by the yellow curve. The pie chart shown in Fig. 2.1 is
a conceptual representation of the results of using a global sensitivity analysis to identify those factors that are most
dominantly influencing results, either individually or interactively [14].

UC and global sensitivity analysis are not independent modeling analyses. As illustrated here, any global sensitivity
analysis requires an initial UC hypothesis in the form of statistical assumptions and representations for the modeling
choices of focus (structural, parametric, and data inputs). Information from these two model diagnostic tools can then
be used to inform data needs for future model runs, experiments to reduce the uncertainty present, or the simplification
or enhancement of the model where necessary. Together UC and global sensitivity analysis provide a foundation for
diagnostic exploratory modeling that has a consistent focus on the assumptions, structural model forms, alternative
parameterizations, and input data sets that are used to characterize the behavioral space of one or more models.
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Fig. 2.1: Idealized uncertainty characterization and global sensitivity analysis for two coupled simulation models.
Uncertainty coming from various sources (e.g., inputs, model structures, coupling relationships) is propagated through
the coupled model(s) to generate empirical distributions of outputs of interest (uncertainty characterization). This
model output uncertainty can be decomposed to its origins, by means of sensitivity analysis. Figure adapted from
Saltelli et al. [6].
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2.2 Perspectives on diagnostic model evaluation

When we judge or diagnose models, the terms “verification” and “validation” are commonly used. However, their ap-
propriateness in the context of numerical models representing complex coupled human-natural systems is questionable
[15, 16]. The core issue relates to the fact that these systems are often not fully known or perfectly implemented when
modeled. Rather, they are defined within specific system framings and boundary conditions in an evolving learning
process with the goal of making continual progress towards attaining higher levels of fidelity in capturing behaviors or
properties of interest. Evaluating the fidelity of a model’s performance can be highly challenging. For example, the
observations used to evaluate the fidelity of parameterized processes are often measured at a finer resolution than what
is represented in the model, creating the challenge of how to manage their relative scales when performing evaluation.
In other cases, numerical models may neglect or simplify system processes because sufficient data is not available or the
physical mechanisms are not fully known. If sufficient agreement between prediction and observation is not achieved,
it is challenging to know whether these types of modeling choices are the cause, or if other issues, such as deficiencies
in the input parameters and/or other modeling assumptions are the true cause of errors. Even if there is high agreement
between prediction and observation, the model cannot necessarily be considered validated, as it is always possible that
the right values were produced for the wrong reasons. For example, low error can stem from a situation where different
errors in underlying assumptions or parameters cancel each other out (“compensatory errors”). Furthermore, coupled
human-natural system models are often subject to “equifinality”, a situation where multiple parameterized formulations
can produce similar outputs or equally acceptable representations of the observed data. There is therefore no uniquely
“true” or validated model, and the common practice of selecting “the best” deterministic calibration set is more of an
assumption than a finding [17, 18]. The situation becomes even more tenuous when observational data is limited in its
scope and/or quality to be insufficient to distinguish model representations or their performance differences.

These limitations on model verification undermine any purely positivist treatment of model validity: that a model should
correctly and precisely represent reality to be valid. Under this perspective, closely related to empiricism, statistical tests
should be used to compare the model’s output with observations and only through empirical verification can a model or
theory be deemed credible. A criticism to this viewpoint (besides the aforementioned challenges for model verification)
is that it reduces the justification of a model to the single criterion of predictive ability and accuracy [19]. Authors have
argued that this ignores the explanatory power held in models and other procedures, which can also advance scientific
knowledge [20]. These views gave rise to relativist perspectives of science, which instead place more value on model
utility in terms of fitness for a specific purpose or inquiry, rather than representational accuracy and predictive ability
[21]. This viewpoint appears to be most prevalent among practitioners seeking decision-relevant insights (i.e., inspire
new views vs. predict future conditions). The relativist perspective argues for the use of models as heuristics that
can enhance our understanding and conceptions of system behaviors or possibilities [22]. In contrast, natural sciences
favor a positivist perspective, emphasizing similarity between simulation and observation even in application contexts
where it is clear that projections are being made for conditions that have never been observed and the system of focus
will have evolved structurally beyond the model representation being employed (e.g., decadal to centennial evolution
of human-natural systems).

These differences in prevalent perspectives are mirrored in how model validation is defined by the two camps: From the
relativist perspective, validation is seen as a process of incremental “confidence building” in a model as a mechanism
for insight [23], whereas in natural sciences validation is framed as a way to classify a model as having an acceptable
representation of physical reality [16]. Even though the relativist viewpoint does not dismiss the importance of repre-
sentational accuracy, it does place it within a larger process of establishing confidence through a variety of tools. These
tools, not necessarily quantitative, include communicating information between practitioners and modelers, interpret-
ing a multitude of model outputs, and contrasting preferences and viewpoints.

On the technical side of the argument, differing views on the methodology of model validation appear as early as in
the 1960’s. Naylor and Finger [24] argue that model validation should not be limited to a single metric or test of
performance (e.g., a single error metric), but should rather be extended to multiple tests that reflect different aspects
of a model’s structure and behavior. This and similar arguments are made in literature to this day [12, 25, 26, 27,
28] and are primarily founded on two premises. First, that even though modelers widely recognize that their models
are abstractions of the truth, they still make truth claims based on traditional performance metrics that measure the
divergence of their model from observation [28]. Second, that the natural systems mimicked by the models contain
many processes that exhibit significant heterogeneity at various temporal and spatial scales. This heterogeneity is

2.2. Perspectives on diagnostic model evaluation 5



lost when a single performance measure is used, as a result of the inherent loss of process information occurring
when transitioning from a highly dimensional and interactive system to the dimension of a single metric [15]. These
arguments are further elaborated in Chapter 4.

Multiple authors have proposed that the traditional reliance on single measures of model performance should be re-
placed by the evaluation of several model signatures (characteristics) to identify model structural errors and achieve a
sufficient assessment of model performance [12, 29, 30, 31]. There is however a point of departure here, especially
when models are used to produce inferences that can inform decisions. When agencies and practitioners use models of
their systems for public decisions, those models have already met sufficient conditions for credibility (e.g., acceptable
representational fidelity), but may face broader tests on their salience and legitimacy in informing negotiated decisions
[22, 32, 33]. This presents a new challenge to model validation, that of selecting decision-relevant performance met-
rics, reflective of the system’s stakeholders’ viewpoints, so that the most consequential uncertainties are identified and
addressed [34]. For complex multisector models at the intersection of climatic, hydrologic, agricultural, energy, or
other processes, the output space is made up of a multitude of states and variables, with very different levels of salience
to the system’s stakeholders and to their goals being achieved [35]. This is further complicated when such systems are
also institutionally and dynamically complex. As a result, a broader set of qualitative and quantitative performance
metrics is necessary to evaluate models of such complex systems, one that embraces the plurality of value systems,
agencies and perspectives present. For IM3, even though the goal is to develop better projections of future vulnerabil-
ity and resilience in co-evolving human-natural systems and not to provide decision support per se, it is critical for our
multisector, multiscale model evaluation processes to represent stakeholders’ adaptive decision processes credibly.

As a final point, when a model is used in a projection mode, its results are also subject to additional uncertainty, as
there is no guarantee that the model’s functionality and predictive ability will stay the same as the baseline, where the
verification and validation tests were conducted. This challenge requires an additional expansion of the scope of model
evaluation: a broader set of uncertain conditions needs to be explored, spanning beyond historical observation and
exploring a wide range of unprecedented conditions. This perspective on modeling, termed exploratory [36], views
models as computational experiments that can be used to explore vast ensembles of potential scenarios to identify
those with consequential effects. Exploratory modeling literature explicitly orients experiments toward stakeholder
consequences and decision-relevant inferences and shifts the focus from predicting future conditions to discovering
which conditions lead to undesirable or desirable consequences.

This evolution in modeling perspectives can be mirrored by the IM3 family of models in a progression from evaluating
models relative to observed history to advanced formalized analyses to make inferences on multisector, multiscale
vulnerabilities and resilience. Exploratory modeling approaches can help fashion experiments with large numbers of
alternative hypotheses on the co-evolutionary dynamics of influences, stressors, as well as path-dependent changes in
the form and function of human-natural systems [37]. The aim of this text is to therefore guide the reader through the
use of sensitivity analysis (SA) methods across these perspectives on diagnostic and exploratory modeling.

Note: The following articles are suggested as fundamental reading for the information presented in this section:

e Naomi Oreskes, Kristin Shrader—Frechette, and Kenneth Belitz. Verification, Validation, and Confirmation of
Numerical Models in the Earth Sciences. Science, 263 (5147): 641-646, February 1994. URL: https://science.
sciencemag.org/content/263/5147/641. DOI: https://doi.org/10.1126/science.263.5147.641.

» Keith Beven. Towards a coherent philosophy for modelling the environment. Proceedings of the Royal Society
of London. Series A: mathematical, physical and engineering sciences, 458 (2026): 2465-2484, 2002.

* Eker, S., Rovenskaya, E., Obersteiner, M., Langan, S., 2018. Practice and perspectives in the validation of
resource management models. Nature Communications 9, 1-10. https://doi.org/10.1038/s41467-018-07811-9

The following articles can be used as supplemental reading:

e Canham, C.D., Cole, J.J., Lauenroth, W.K. (Eds.), 2003. Models in Ecosystem Science. Princeton University
Press. https://doi.org/10.2307/j.ctv1dwqOtq
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CHAPTER
THREE

SENSITIVITY ANALYSIS: THE BASICS

3.1 Global Versus Local Sensitivity

Out of the several definitions for sensitivity analysis presented in the literature, the most widely used has been proposed
by Saltelli et al. [38] as “the study of how uncertainty in the output of a model (numerical or otherwise) can be
apportioned to different sources of uncertainty in the model input”. In other words, sensitivity analysis explores the
relationship between the model’s N input variables, x = [x1, 2, ..., ], and M output variables, y = [y1, Y2, ..., Y]
with y = g(x), where g is the model that maps the model inputs to the outputs [39].

Historically, there have been two broad categories of sensitivity analysis techniques: local and global. Local sensitivity
analysis is performed by varying model parameters around specific reference values, with the goal of exploring how
small input perturbations influence model performance. Due to its ease-of-use and limited computational demands,
this approach has been widely used in literature, but has important limitations [40, 41]. If the model is not linear, the
results of local sensitivity analysis can be heavily biased, as they are strongly influenced by independence assumptions
and a limited exploration of model inputs (e.g., Tang er al. [42]). If the model’s factors interact, local sensitivity
analysis will underestimate their importance, as it does not account for those effects (e.g., [43]). In general, as local
sensitivity analysis only partially and locally explores a model’s parametric space, it is not considered a valid approach
for nonlinear models [44]. This is illustrated in Fig. 3.1 (a-b), presenting contour plots of a model response (y) with
an additive linear model (a) and with a nonlinear model (b). In a linear model without interactions between the input
terms x; and 9, local sensitivity analysis (assuming deviations from some reference values) can produce appropriate
sensitivity indices (Fig. 3.1 (a)). If however, factors z; and x interact, the local and partial consideration of the space
can not properly account for each factor’s effects on the model response (Fig. 3.1 (b)), as it is only informative at the
reference value where it is applied. In contrast, a global sensitivity analysis varies uncertain factors within the entire
feasible space of variable model responses (Fig. 3.1 (¢)). This approach reveals the global effects of each parameter on
the model output, including any interactive effects. For models that cannot be proven linear, global sensitivity analysis
is preferred and this text is primarily discussing global sensitivity analysis methods. In the text that follows, whenever
we use the term sensitivity analysis we are referring to its global application.

3.2 Why Perform Sensitivity Analysis

It is important to understand the many ways in which a SA might be of use to your modeling effort. Most commonly,
one might be motivated to perform sensitivity analysis for the following reasons:

Model evaluation: Sensitivity analysis can be used to gauge model inferences when assumptions about the structure
of the model or its parameterization are dubious or have changed. For instance, consider a numerical model that uses
a set of calibrated parameter values to produce outputs, which we then use to inform decisions about the real-world
system represented. One might like to know if small changes in these parameter values significantly change this model’s
output and the decisions it informs or if, instead, our parameter inferences yield stable model behavior regardless of
the uncertainty present in the specific parameterized processes or properties. This can either discredit or lend credence
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Fig. 3.1: Treatment of a two-dimensional space of variability by local (panels a-b) and global (panel c) sensitivity
analyses. Panels depict contour plots with the value of a model response (y) changing with changes in the values of
input terms x; and xo. Local sensitivity analysis is only an appropriate approach to sensitivity in the case of linear
models without interactions between terms, for example in panel (a), where y = 3x1 + 5x2. In the case of more

: _ 1 50 S s
complex models, for example in panels (b-c), where y = g SRR TR P ErTR P R local sensitivity will miscalculate

sensitivity indices as the assessed changes in the value y depend on the assumed base values chose for x; and x5 (panel
(b)). In these cases, global sensitivity methods should be used instead (panel (c)). The points in panel (c) are generated
using a uniform random sample of n = 50, but many other methods are available.
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to the model at hand, as well as any inferences drawn that are founded on its accurate representation of the system.
Sensitivity analysis can identify which uncertain model factors cause this undesirable model behavior.

Model simplification: Sensitivity analysis can also be used to identify factors or components of the model that appear
to have limited effects on direct outputs or metrics of interest. Consider a model that has been developed in an organi-
zation for the purposes of a specific research question and is later used in the context of a different application. Some
processes represented in significant detail might no longer be of the same importance while consuming significant data
or computational resources, as different outputs might be pertinent to the new application. Sensitivity analysis can be
used to identify unimportant model components and simplify them to nominal values and reduced model forms. Model
complexity and computational costs can therefore be reduced.

Model refinement: Alternatively, sensitivity analysis can reveal the factors or processes that are highly influential to
the outputs or metrics of interest, by assessing their relative importance. In the context of model evaluation, this can
inform which model components warrant additional investigation or measurement so the uncertainty surrounding them
and the resulting model outputs or metrics of interest can be reduced.

Exploratory modeling: When sufficient credence has been established in the model, sensitivity analysis can be applied
to a host of other inquiries. Inferences about the factors and processes that most (or least) control a model’s outputs
of interest can be extrapolated to the real system they represent and be used in a heuristic manner to inform model-
based inferences. On this foundation, a model paired with the advanced techniques presented in this text can be used
to “discover” decision relevant and highly consequential outcomes (i.e., scenario discovery, discussed in more detail in
Chapter 4.3 [36, 45]).

The nature and context of the model shapes the specific objectives of applying a sensitivity analysis, as well as methods
and tools most appropriate and defensible for each application setting [35, 38, 46]. The three most common sensitivity
analysis modes (Factor Prioritization, Factor Fixing, and Factor Mapping) are presented below, but the reader should
be aware that other uses have been proposed in the literature (e.g., [47, 48]).

Factor prioritization: This sensitivity analysis application mode (also referred to as factor ranking) refers to when one
would like to identify the uncertain factors that have the greatest impact on the variability of the output, and which, when
fixed to their true value (i.e., if there were no uncertainty regarding their value), would lead to the greatest reduction in
output variability [49]. Information from this type of analysis can be crucial to model improvement as these factors can
become the focus of future measurement campaigns or numerical experiments so that uncertainty in the model output
can be reduced. The impact of each uncertain input on the variance of the model output is often used as the criterion
for factor prioritization. Fig. 3.2 (a) shows the effects of three uncertain variables (X, X2, and X3) on the variance of
output Y. V(E(Y'|X;)) indicates the variance in Y if factor X; is left to vary freely while all other factors remain fixed
to nominal values. In this case, factor X» makes the largest contribution to the variability of output Y and it should
therefore be prioritized. In the context of risk analysis, factor prioritization can be used to reduce output variance to
below a given tolerable threshold (also known as variance cutting).

Factor fixing: This mode of sensitivity analysis (also referred to as factor screening) aims to identify the model com-
ponents that have a negligible effect or make no significant contributions to the variability of the outputs or metrics of
interest (usually referred to as non-influential [49]). In the stylized example of Fig. 3.2 (a), X; makes the smallest con-
tribution to the variability of output Y suggesting that the uncertainty in its value could be negligible and the factor itself
fixed in subsequent model executions. Eliminating these factors or processes in the model or fixing them to a nominal
value can help reduce model complexity as well as the unnecessary computational burden of subsequent model runs,
results processing, or other sensitivity analyses (the fewer uncertain factors considered, the fewer runs are necessary to
illuminate their effects on the output). Significance of the outcome can be gauged in a variety of manners, depending
on the application. For instance, if applying a variance-based method, a minimum threshold value of contribution to
the variance could be considered as a significance ‘cutoff’, and factors with indices below that value can be considered
non-influential. Conclusions about factor fixing should be made carefully, considering all of the effects a factor has,
individually and in interaction with other factors (explained in more detail in the Chapter 3.4.5).

Factor mapping: Finally, factor mapping can be used to pinpoint which values of uncertain factors lead to model
outputs within a given range of the output space [49]. In the context of model diagnostics, it is possible that the
model’s output changes in ways considered impossible based on the represented processes, or other observed evidence.
In this situation, factor mapping can be used to identify which uncertain model factors cause this undesirable model
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behavior by ‘filtering’ model runs that are considered ‘non-behavioral’ [50, 51, 52]. In Fig. 3.2 (b), region B of the
output space Y denotes the set of behavioral model outcomes and region 53 denotes the set of non-behavioral outcomes,
resulting from the entirety of input space X. Factor mapping refers to the process of tracing which factor values of
input space X produce the behavioral model outcomes in the output space.

(a) Factor prioritization and factor fixing
VE(YIX)

Rank
w N

Input space (X) Total output Sensitivity index

variance (V(Y))
Factor mapping

(b)

Input space (X) Output space (Y)
Fig. 3.2: Factor prioritization, factor fixing and factor mapping settings of sensitivity analysis.

The language used above reflects a use of sensitivity analysis for model fidelity evaluation and refinement. However,
as previously mentioned, when a model has been established as a sufficiently accurate representation of the system,
sensitivity analysis can produce additional inferences (i.e., exploratory modeling and scenario discovery). For instance,
under the factor mapping use, the analyst can now focus on undesirable system states and discover which factors are
most responsible for them: for instance, “population growth of above 25% would be responsible for unacceptably high
energy demands”. Factor prioritization and factor fixing can be used to make equivalent inferences, such as “growing
populations and increasing temperatures are the leading factors for changing energy demands” (prioritizing of factors)
or “changing dietary needs are inconsequential to increasing energy demands for this region” (a factor that can be fixed
in subsequent model runs). All these inferences hinge on the assumption that the real system’s stakeholders consider
the model states faithful enough representations of system states. As elaborated in Chapter 2.2, this view on sensitivity
analysis is founded on a relativist perspective on modeling, which tends to place more value on model usefulness rather
than strict accuracy of representation in terms of error. As such, sensitivity analysis performed with decision-making
relevance in mind will focus on model outputs or metrics that are consequential and decision relevant (e.g., energy
demand in the examples above).
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3.3 Design of Experiments

Before conducting a sensitivity analysis, the first element that needs to be clarified is the uncertainty space of the model
[51, 53]. In other words, how many and which factors making up the mathematical model are considered uncertain and
can potentially affect the model output and the inferences drawn from it. Uncertain factors can be model parameters,
model structures, inputs, or alternative model resolution levels (scales), all of which can be assessed through the tools
presented in this text. Depending on the kind of factor, its variability can be elicited through various means: expert
opinion, values reported in the literature, historical observations, its physical meaning (e.g., population values in a city
can never be negative), or through the use of more formal UQ methods (Chapter A). The model uncertainty space
represents the entire space of variability present in each of the uncertain factors of a model. The complexity of most
real-world models means that the response function, y = g(x), mapping inputs to outputs, is hardly ever available in
an analytical form and therefore analytically computing the sensitivity of the output to each uncertain factor becomes
impossible. In these cases, sensitivity analysis is only feasible through numerical procedures that employ different
strategies to sample the uncertainty space and calculate sensitivity indices.

A sampling strategy is often referred to as a design of experiments and represents a methodological choice made before
conducting any sensitivity analysis. Experimental design was first introduced by Fisher [54] in the context of laboratory
or field-based experiments. Its application in sensitivity analysis is similar to setting up a physical experiment in that it
is used to discover the behavior of a system under specific conditions. An ideal design of experiments should provide a
framework for the extraction of all plausible information about the impact of each factor on the output of the model. The
design of experiments is used to set up a simulation platform with the minimum computational cost to answer specific
questions that cannot be readily drawn from the data through analytical or common data mining techniques. Models
representing coupled human-natural systems usually have a large number of inputs, state variables and parameters, but
not all of them exert fundamental control over the numerical process, despite their uncertainty, nor have substantial
impacts on the model output, either independently or through their interactions. Each factor influences the model
output in different ways that need to be discovered. For example, the influence of a parameter on model output can be
linear or non-linear and can be continuous or only be active during specific times or at particular states of the system
[55, 56]. An effective and efficient design of experiments allows the analyst to explore these complex relationships and
evaluate different behaviors of the model for various scientific questions [57]. The rest of this section overviews some
of the most commonly used designs of experiments. Table 1 summarizes the designs discussed.

Table 3.1: Summary of designs of experiments overviewed in this section.
* Depends on the sample size.

Design of experiments Factor interactions consid- | Treatment of factor do-
ered mains
One-At-a-Time (OAT) No - main effects only Continuous (distributions)
Full Factorial Sampling Yes - including total effects Discrete (levels)
Fractional Factorial Sampling Yes - only lower-order ef- | Discrete (levels)
fects™*
Latin Hypercube (LH) Sampling Yes - including total effects* | Continuous (distributions)
Quasi-Random Sampling with Low-Discrepancy Se- | Yes - including total effects* | Continuous (distributions)
quences

There are a few different approaches to the design of experiments, closely related to the chosen sensitivity analysis
approach, which is in turn shaped by the research motivations, scientific questions, and computational constraints
at hand (additional discussion of this can be found at the end of Chapter 3). For example, in a sensitivity analysis
using perturbation and derivatives methods, the model input parameters vary from their nominal values one at a time,
something that the design of experiments needs to reflect. If, instead, one were to perform sensitivity analysis using a
multiple-starts perturbation method, the design of experiments needs to consider that multiple points across the factor
space are used. The design of experiments specifically defines two key characteristics of samples that are fed to the
numerical model: the number of samples and the range of each factor.

Generally, sampling can be performed randomly or by applying a stratifying approach. In random sampling, such as
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Monte Carlo [58], samples are randomly generated by a pseudo-random number generator with an a-priori assumption
about the distribution of parameters and their possible ranges. Random seeds can also be used to ensure consistency
and higher control over the random process. However, this method could leave some gaps in the parameter space
and cause clustering in some spaces, especially for a large number of parameters [59]. Most sampling strategies use
stratified sampling to mitigate these disadvantages. Stratified sampling techniques divide the domain of each factor
into subintervals, often of equal lengths. From each subinterval, an equal number of samples is drawn randomly, or
based on the specific locations within the subintervals [49].

3.3.1 One-At-a-Time (OAT)

In this approach, only one model factor is changed at a time while all others are kept fixed across each iteration in a
sampling sequence. The OAT method assumes that model factors of focus are linearly independent (i.e., there are no
interactions) and can analyze how factors individually influence model outputs or metrics of interest. While popular
given its ease of implementation, OAT is ultimately limited in its exploration of a model’s sensitivities [49]. It is
primarily used with local sensitivity techniques with similar criticisms: applying this sampling scheme on a system
with nonlinear and interactive processes will miss important information on the effect uncertain factors have on the
model. OAT samplings can be repeated multiple times in a more sophisticated manner and across different locations of
the parameter space to overcome some of these challenges, which would increase computational costs and negate the
main reasons for its selection. Given these limitations OAT methods could be used as preliminary, low-cost analyses
of the factors’ individual effects, but should ultimately be complemented with more sophisticated methods.

3.3.2 Full and Fractional Factorial Sampling

In full factorial sampling each factor is treated as being discrete by considering two or more levels (or intervals) of
its values. The sampling process then generates samples within each possible combination of levels, corresponding to
each parameter. This scheme produces a more comprehensive sampling of the factors’ variability space, as it accounts
for all candidate combinations of factor levels (Fig. 3.3 (a)). If the number of levels is the same across all factors, the
number of generated samples is estimated using n*, where n is the number of levels and & is the number of factors. For
example, Fig. 3.3 (a) presents a full factorial sampling of three uncertain factors (1, z2, and x3), each considered as
having four discrete levels. The total number of samples necessary for such an experiment is 4> = 64. As the number
of factors increases, the number of simulations necessary will also grow exponentially, making full factorial sampling
computationally burdensome (Fig. 3.3 (b)). As a result, it is common in the literature to apply full factorial sampling
at only two levels per factor, typically the two extremes [60]. This significantly reduces computational burden but
is only considered appropriate in cases where factors can indeed only assume two discrete values (e.g., when testing
the effects of epistemic uncertainty and comparing between model structure A and model structure B). In the case of
physical parameters on continuous distributions (e.g., when considering the effects of measurement uncertainty in a
temperature sensor), discretizing the range of a factor to only extreme levels can bias its estimated importance.

Fractional factorial sampling is a widely used alternative to full factorial sampling that allows the analyst to significantly
reduce the number of simulations by focusing on the main effects of a factor and seeking to avoid model runs that yield
redundant response information [49]. In other words, if one can reasonably assume that higher-order interactions
are negligible, information about the most significant effects and lower-order interactions (e.g., effects from pairs of
factors) can be obtained using a fraction of the full factorial design. Traditionally, fractional factorial design has also
been limited to two levels [60], referred to as Fractional Factorial designs 2k-p [61]. Recently, Generalized Fractional
Factorial designs have also been proposed that allow for the structured generation of samples at more than two levels
per factor [62]. Consider a case where the modeling team dealing with the problem in Fig. 3.3 (a) cannot afford to
perform 64 simulations of their model. They can afford 32 runs for their experiment and instead decide to fractionally
sample the variability space of their factors. A potential design of such a sampling strategy is presented in Fig. 3.3 (c).
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Fig. 3.3: Alternative designs of experiments and their computational costs for three uncertain factors (x1, x2, and
x3). (a) Full factorial design sampling of three factors at four levels, at a total of 64 samples; (b) exponential growth
of necessary number of samples when applying full factorial design at four levels; (c) fractional factorial design of
three factors at four levels, at a total of 32 samples; and (d) Latin Hypercube sample of three factors with uniform
distributions, at a total of 32 samples.

3.3.3 Latin Hypercube Sampling (LHS)

Latin hypercube sampling (LHS) [63] is one of the most common methods in space-filling experimental designs. With
this sampling technique, for /V uncertain factors, an N-dimensional hypercube is generated, with each factor divided
into an equal number of levels depending on the total number of samples to be generated. Equal numbers of samples are
then randomly generated at each level, across all factors. In this manner, latin hypercube design guarantees sampling
from every level of the variability space and without any overlaps. When the number of samples generated is much
larger than the number of uncertain factors, LHS can be very effective in examining the effects of each factor [49].
LHS is an attractive technique, because it guarantees a diverse coverage of the space, through the use of subintervals,
without being constrained to discrete levels for each factor - compare Fig. 3.3 (c) with Fig. 3.3 (d) for the same number
of samples.

LHS is less effective when the number of samples is not much larger than the number of uncertain factors, and the
effects of each factor cannot be appropriately distinguished. The samples between factors can also be highly correlated,
biasing any subsequent sensitivity analysis results. To address this, the sampling scheme can be modified to control for
the correlation in parameters while maximizing the information derived. An example of such modification is through
the use of orthogonal arrays [64].
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3.3.4 Low-Discrepancy Sequences

Low-discrepancy sequences is another sampling technique that employs a pseudo-random generator for Monte Carlo
sampling [65, 66]. These quasi-Monte Carlo methods eliminate ‘lumpiness’ across samples (i.e, the presence of gaps
and clusters) by minimizing discrepancy across the hypercube samples. Discrepancy can be quantitatively measured
using the deviations of sampled points from a uniform distribution [65, 67]. Low-discrepancy sequences ensure that
the number of samples in any subspace of the variability hypercube is approximately the same. This is not something
guaranteed by Latin Hypercube sampling, and even though its design can be improved through optimization with
various criteria, such adjustments are limited to small sample sizes and low dimensions [67, 68, 69, 70, 71]. In contrast,
the Sobol sequence [72, 73], one of the most widely used sampling techniques, utilizes the low-discrepancy approach
to uniformly fill the sampled factor space. A core advantage of this style of sampling is that it takes far fewer samples
(i.e., simulations) to attain a much lower level of error in estimating model output statistics (e.g., the mean and variance
of outputs).

Note: Put this into practice! Click the following link to try out an interactive tutorial which uses Sobol sequence
sampling for the purposes of a Sobol sensitivity analysis: Sobol SA using SALib Jupyter Notebook

3.3.5 Other types of sampling

The sampling techniques mentioned so far are general sampling methods useful for a variety of applications beyond
sensitivity analysis. There are however techniques that have been developed for specific sensitivity analysis methods.
Examples of these methods include the Morris One-At-a-Time [74], Fourier Amplitude Sensitivity Test (FAST; [75]),
Extended FAST [76], and Extended Sobol methods [77]. For example, the Morris sampling strategy builds a number of
trajectories (usually referred to as repetitions and denoted by r) in the input space each composed of N + 1 factor points,
where NV is the number of uncertain factors. The first point of the trajectory is selected randomly and the subsequent
N points are generated by moving one factor at a time by a fixed amount. Each factor is perturbed once along the
trajectory, while the starting points of all of the trajectories are randomly and uniformly distributed. Several variations
of this strategy also exist in the literature; for more details on each approach and their differences the reader is directed
to Pianosi et al. [51].

3.3.6 Synthetic generation of input time series

Models often have input time series or processes with strong temporal and/or spatial correlations (e.g., streamflow,
energy demand, pricing of commodities, etc.) that, while they might not immediately come to mind as factors to be
examined in sensitivity analysis, can be treated as such. Synthetic input time series are used for a variety of reasons, for
example, when observations are not available or are limited, or when past observations are not considered sufficiently
representative to capture rare or extreme events of interest [78, 79]. Synthetic generation of input time series provides a
valuable tool to consider non-stationarity and incorporate potential stressors, such as climate change impacts into input
time series [80]. For example, a century of record will be insufficient to capture very high impact rare extreme events
(e.g., persistent multi-year droughts). A large body of statistical literature exists focusing on the topics of synthetic
weather [81, 82] and streamflow [83, 84] generation that provides a rich suite of approaches for developing history-
informed, well-characterized stochastic process models to better estimate rare individual or compound (hot, severe
drought) extremes. It is beyond the scope of this text to review these methods, but readers are encouraged to explore
the studies cited above as well as the following publications for discussions and comparisons of these methods: [78,
80, 85, 86, 87, 88, 89]. The use of these methods for the purposes of exploratory modeling, especially in the context
of well-characterized versus deep uncertainty, is further discussed in Chapter 4.3.
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3.4 Sensitivity Analysis Methods

In this section, we describe some of the most widely applied sensitivity analysis methods along with their mathematical
definitions. We also provide a detailed discussion on applying each method, as well as a comparison of and their features
and limitations.

3.4.1 Derivative-based Methods

Derivative-based methods explore how model outputs are affected by perturbations in a single model input around a
particular input value. These methods are local and are performed using OAT sampling. For simplicity of mathematical
notations, let us assume that the model g(X) only returns one output. Following [90] and [51], the sensitivity index,
S; , of the model’s i-th input factor, z; , can be measured using the partial derivative evaluated at a nominal value, Z,
of the vector of inputs:

%

where ¢; is the scaling factor. In most applications however, the relationship g(X) is not fully known in its analytical
form, and therefore the above partial derivative is usually approximated:

T1,...T; + A, fN) — g(fl, Ty IN)

gl

Ci

Using this approximation, the i-th input factor is perturbed by a magnitude of A;, and its relative importance is cal-
culated. Derivative-based methods are some of the oldest sensitivity analysis methods as they only require N + 1
model evaluations to estimate indices for [NV uncertain factors. As described above, being computationally very cheap
comes at the cost of not being able to explore the entire input space, but only (local) perturbations to the nominal value.
Additionally, as these methods examine the effects of each input factor one at a time, they cannot assess parametric
interactions or capture the interacting nature of many real systems and the models that abstract them.

3.4.2 Elementary Effect Methods

Elementary effect (EE) SA methods provide a solution to the local nature of the derivative-based methods by exploring
the entire parametric range of each input parameter [91]. However, EE methods still use OAT sampling and do not vary
all input parameters simultaneously while exploring the parametric space. The OAT nature of EEs methods therefore
prevents them from properly capturing the interactions between uncertain factors. EEs methods are computationally
efficient compared to their All-At-a-Time (AAT) counterparts, making them more suitable when computational ca-
pacity is a limiting factor, while still allowing for some inferences regarding factor interactions. The most popular EE
method is the Method of Morris [74]. Following the notation by [51], this method calculates global sensitivity using
the mean of the EEs (finite differences) of each parameter at different locations:
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with 7 representing the number of sample repetitions (also refered to as trajectories) in the input space, usually set

between 4 and 10 [38]. Each x; represents the points of each trajectory, with j = 1,...,r, selected as described in the
sampling strategy for this method, found above. This method also produces the standard deviation of the EEs:

which is a measure of parametric interactions. Higher values of o; suggest model responses at different levels of factor
x; are significantly different, which indicates considerable interactions between that and other uncertain factors. The
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values of 1} and o; for each factor allow us to draw several different conclusions, illustrated in Fig. 3.4, following the
example by [91]. In this example, factors z1, x2, x4, and z5 can be said to have an influence on the model outputs,
with 1, x4, and 5 having some interactive or non-linear effects. Depending on the orders of magnitude of x and
o; one can indirectly deduce whether the factors have strong interactive effects, for example if a factor o; << p then
the relationship between that factor and the output can be assumed to be largely linear (note that this is still an OAT
method and assumptions on factor interactions should be strongly caveated). Extensions of the Method of Morris have
also been developed specifically for the purposes of factor fixing and explorations of parametric interactions (e.g., [48,
92, 93)).
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Fig. 3.4: Tllustrative results of the Morris Method. Factors x1, 2, x4, and x5 have an influence on the model outputs,
with x1, z4, and x5 having interactive or non-linear effects. Whether or not a factor should be considered influential
to the output depends on the output selected and is specific to the research context and purpose of the analysis, as
discussed in Chapter 3.2.

3.4.3 Regression-based Methods

Regression analysis is one of the oldest ways of investigating parametric importance and sensitivity [38]. Here, we
describe some of the most popular regression-based sensitivity indices. One of the main sensitivity indices of this
category is the standardized regression coefficient (SRC). To calculate SRC, a linear regression relationship needs to
be fitted between the input vector, z, and the model output of interest by using a least-square minimizing method:

N
Yy =bo + Zbﬂi
i1
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where by and b; (corresponding to the i-th model input) are regression coefficients. The following relationship can then
be used to calculate the SRCs for different input values:

S, = SRC; = b; 2%
Oy

where o, and o, are standard deviations of i-th model input and output, respectively.

Several other regression-based indices explore the correlation between input and output parameters as a proxy to model
parametric sensitivity [91, 94, 95]. The Pearson correlation coefficient (PCC) can be used when a linear relationship
exists between an uncertain factor, x;, and the output y:

cov(;, y)

0i0y

S, =PCC =

In cases when there are outliers in the data or the relationship between the uncertain factors and the output is not linear,
rank-based correlation coeflicients are preferred, for example, Spearman’s rank correlation coefficient (SRCC):
cov(rx;, ryi
S, = SRCC = M
OriOry

where the raw values of x; and y and converted to ranks rz; and ry respectively, which instead represent a measurement
of the strength of the monotonic relationship, rather than linear relationship, between the input and output. Other
regression-based metrics include the partial correlations coefficient, the partial rank correlations coefficient, and the
Nash-Sutcliffe coefficient, more discussion on which can be found in [39, 91].

Tree-based regression techniques have also been used for sensitivity analysis in an effort to address the challenges
faced with nonlinear models [96]. Examples of these methods include the Patient Rule Induction Method (PRIM; [97])
and Classification And Regression Trees (CART; [98]). CART-based approaches also include boosting and bagging
extensions [99, 100]. These methods are particularly useful when sensitivity analysis is used for factor mapping (i.e.,
when trying to identify which uncertain model factors produce a certain model behavior). Chapter 4.3 elaborates on
the use of these methods. Regression-based sensitivity analysis methods are global by nature and can explore the entire
space of variables. However, the true level of comprehensiveness depends on the design of experiments and the number
of simulations providing data to establish the regression relationships. Although they are usually computationally
efficient, they do not produce significant information about parametric interactions [38, 39].

3.4.4 Regional Sensitivity Analysis

Another method primarily applied for basic factor mapping applications is Regional Sensitivity Analysis (RSA; [101]).
RSA is a global sensitivity analysis method that is typically implemented using standard sampling methods such as
latin hypercube sampling. It is performed by specifying a condition on the output space (e.g., an upper threshold) and
classifying outputs that meet the condition as behavioral and the ones that fail it as non-behavioral (illustrated in Fig.
3.2 (b)). Note that the specified threshold depends on the nature of the problem, model, and the research question. It can
reflect model-performance metrics (such as errors) or consequential decision-relevant metrics (such as unacceptable
system outcomes). The behavioral and non-behavioral outputs are then traced back to their originating sampled factors,
where differences between the distributions of samples can be used to determine their significance in producing each
part of the output. The Kolmogorov-Smirnov divergence is commonly used to quantify the difference between the
distribution of behavioral and non-behavioral parameters [51]:

Si = ‘inlyb(y € Yb) - inlynb(y € an)|

where Y}, represents the set of behavioral outputs, and Fy,,, is the empirical cumulative distribution function of the
values of x; associated with values of y that belong in the behavioral set. The nb notation indicates the equivalent
elements related to the non-behavioral set. Large differences between the two distributions indicate stronger effects by
the parameters on the respective part of the output space.

Used in a factor mapping setting, RSA can be applied for scenario discovery [102, 103], the Generalized Likelihood
Uncertainty Estimation method (GLUE; [18, 104, 105]) and other hybrid sensitivity analysis methods (e.g., [106,
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107]). The fundamental shortcomings of RSA are that, in some cases, it could be hard to interpret the difference
between behavioral and non-behavioral sample sets, and that insights about parametric correlations and interactions
cannot always be uncovered [38]. For more elaborate discussions and illustrations of the RSA method, readers are
directed to Tang et al. [42], Saltelli et al. [49], Young [108] and references therein.

3.4.5 Variance-based Methods

Variance-based sensitivity analysis methods hypothesize that various specified model factors contribute differently
to the variation of model outputs; therefore, decomposition and analysis of output variance can determine a model’s
sensitivity to input parameters [38, 77]. The most popular variance-based method is the Sobol method, which is a global
sensitivity analysis method that takes into account complex and nonlinear factor interaction when calculating sensitivity
indices, and employs more sophisticated sampling methods (e.g., the Sobol sampling method). The Sobol method is
able to calculate three types of sensitivity indices that provide different types of information about model sensitivities.
These indices include first-order, higher-order (e.g., second-, third-, etc. orders), and total-order sensitivities.

The first-order sensitivity index indicates the percent of model output variance contributed by a factor individually (i.e.,
the effect of varying z; alone) and is obtained using the following [77, 109]:

L VB ()]
%=V

with E' and V' denoting the expected value and the variance, respectively. x..; denotes all factors expect for z;. The
first-order sensitivity index (S}) can therefore also be thought of as the portion of total output variance (V) that can be
reduced if the uncertainty in factor x; is eliminated [110]. First-order sensitivity indices are usually used to understand
the independent effect of a factor and to distinguish its individual versus interactive influence. It would be expected for
linearly independent factors that they would only have first order indices (no interactions) that should correspond well
with sensitivities obtained from simpler methods using OAT sampling.

Higher-order sensitivity indices explore the interaction between two or more parameters that contribute to model output
variations. For example, a second-order index indicates how interactions between a pair of factors can lead to change
in model output variance and is calculated using the following relationship:

Vx,] [E;cmy,j (xi’ x])]
V(y)

with i # j. Higher order indices can be calculated by similar extensions (i.e., fixing additional operators together), but
it is usually computationally expensive in practice.

2 _

The total sensitivity analysis index represents the entire influence of an input factor on model outputs including all
of its interactions with other factors [111]. In other words, total-order indices include first-order and all higher-order
interactions associated with each factor and can be estimated calculated using the following:

o B Ve(nd)] o Ve lBai(wed)]
STy V()

This index reveals the expected portion of variance that remains if uncertainty is eliminated in all factors but z; [110].
The total sensitivity index is the overall best measure of sensitivity as it captures the full individual and interactive
effects of model factors.

Besides the Sobol method, there are some other variance-based sensitivity analysis methods, such as the Fourier ampli-
tude sensitivity test (FAST; [75, 112]) and extended-FAST [113, 114], that have been used by the scientific community.
However, Sobol remains by far the most common method of this class. Variance-based techniques have been widely
used and have proved to be powerful in a variety of applications. Despite their popularity, some authors have expressed
concerns about the methods’ appropriateness in some settings. Specifically, the presence of heavy-tailed distributions
or outliers, or when model outputs are multimodal can bias the sensitivity indices produced by these methods [115,
116, 117]. Moment-independent measures, discussed below, attempt to overcome these challenges.
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Note: Put this into practice! Click the following link to try out an interactive tutorial which demonstrates the applica-
tion of a Sobol sensitivity analysis: Sobol SA using SALib Jupyter Notebook

3.4.6 Analysis of Variance (ANOVA)

Analysis of Variance (ANOVA) was first introduced by Fisher and others [118] and has since become a popular factor
analysis method in physical experiments. ANOVA can be used as a sensitivity analysis method in computational exper-
iments with a factorial design of experiment (referred to as factorial ANOVA). Note that Sobol can also be categorized
as an ANOVA sensitivity analysis method, and that is why Sobol is sometimes referred to as a functional ANOVA [119].
Factorial ANOVA methods are particularly suited for models and problems that have discrete input spaces, significantly
reducing the computational time. More information about these methods can be found in [119, 120, 121].

3.4.7 Moment-Independent (Density-Based) Methods

These methods typically compare the entire distribution (i.e., not just the variance) of input and output parameters in
order to determine the sensitivity of the output to a particular input variable. Several moment-independent sensitivity
analysis methods have been proposed in recent years. The delta (§) moment-independent method calculates the dif-
ference between unconditional and conditional cumulative distribution functions of the output. The method was first
introduced by [122, 123] and has become widely used in various disciplines. The ¢ sensitivity index is defined as
follows:

1
S, 5 s,

fy (W) = fy1z, (y)|dy

where f, (y) is the probability density function of the entire model output y, and f,|,, (y) is the conditional density of
vy, given that factor z; assumes a fixed value. The §; sensitivity indicator therefore represents the normalized expected
shift in the distribution of y provoked by ;. Moment-independent methods are advantageous in cases where we are
concerned about the entire distribution of events, such as when uncertain factors lead to more extreme events in a system
[13]. Further, they can be used with a pre-existing sample of data, without requiring a specific sampling scheme, unlike
the previously reviewed methods [124]. The § sensitivity index does not include interactions between factors and it is
therefore akin to the first order index produced by the Sobol method. Interactions between factors can still be estimated
using this method, by conditioning the calculation on more than one uncertain factor being fixed [123].

3.5 How To Choose A Sensitivity Analysis Method: Model Traits And
Dimensionality

Fig. 3.5, synthesized from variants found in [51, 91], presents a graphical synthesis of the methods overviewed in
this section, with regards to their appropriateness of application based on the complexity of the model at hand and
the computational limits on the number of model evaluations afforded. The bars below each method also indicate the
sensitivity analysis purposes they are most appropriate to address, which are in turn a reflection of the motivations
and research questions the sensitivity analysis is called to address. Computational intensity is measured as a multiple
of the number of model factors that are considered uncertain (d). Increasing model complexity mandates that more
advanced sensitivity analysis methods are applied to address potential nonlinearities, factor interactions, and discon-
tinuities. Such methods can only be performed at increasing computational expense. For example, computationally
cheap linear regression should not be used to assess factors’ importance if the model cannot be proven linear and the
factors independent, because important relationships will invariably be missed (recall the example in Fig. 3.5). When
computational limits do constrain applications to make simplified assumptions and sensitivity techniques, any conclu-
sions in such cases should be delivered with clear statements of the appropriate caveats.
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Fig. 3.5: Classification of the sensitivity analysis methods overviewed in this section, with regards to their computa-
tional cost (horizontal axis), their appropriateness to model complexity (vertical axis), and the purpose they can be
used for (colored bars). d: number of uncertain factors considered; ANOVA: Analysis of Variance; FAST: Fourier Am-
plitude Sensitivity Test; PRIM: Patient Rule Induction Method; CART: Classification and Regression Trees; SRCC:
Spearman’s rank correlation coefficient: NSE: Nash—Sutcliffe efficiency; SRC: standardized regression coefficient;
PCC: Pearson correlation coefficient. This figure is synthesized from variants found in [51, 91].
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The reader should also be aware that the estimates of computational intensity that are given here are indicative of
magnitude and would vary depending on the sampling technique, model complexity and the level of information being
asked. For example, a Sobol sensitivity analysis typically requires a sample of size n * d + 2 to produce first- and
total-order indices, where d is the number of uncertain factors and n is a scaling factor, selected ad hoc, depending
on model complexity [46]. The scaling factor n is typically set to at least 1000, but it should most appropriately be
set on the basis of index convergence. In other words, a prudent analyst would perform the analysis several times with
increasing n and observe at what level the indices converge to stable values [125]. The level should be the minimum
sample size used in subsequent sensitivity analyses of the same system. Furthermore, if the analyst would like to better
understand the degrees of interaction between factors, requiring second-order indices, the sample size would have to
increase to n * 2d + 2 [46].

Another important consideration is that methods that do not require specific sampling schemes can be performed in
conjunction with others without requiring additional model evaluations. None of the regression-based methods, for
example, require samples of specific structures or sizes, and can be combined with other methods for complementary
purposes. For instance, one could complement a Sobol analysis with an application of CART, using the same data, but
to address questions relating to factor mapping (e.g., we know factor z; is important for a model output, but we would
like to also know which of its values specifically push the output to undesirable states). Lastly, comparing results from
different methods performed together can be especially useful in model diagnostic settings. For example, [13] used §
indices, first-order Sobol indices, and R? values from linear regression, all performed on the same factors, to derive
insights about the effects on factors on different moments of the output distribution and about the linearity of their
relationship.

3.6 Software Toolkits

This section presents available open source sensitivity analysis software tools, based on the programming language they
use and the methods they support Fig. 3.6. Our review covers five widely used programming languages: R, MATLAB,
Julia, Python, and C++, as well as one tool that provides a graphical user interface (GUI). Each available SA tool was
assessed on the number of SA methods and design of experiments methods it supports. For example, the sensobol
package in R only supports the variance-based Sobol method. However, it is the only package we came across that
calculates third-order interactions among parameters. On the other side of the spectrum, there are SA software packages
that contain several popular SA methods. For example, SALib in Python [126] supports seven different SA methods.
The DifferentialEquations package is a comprehensive package developed for Julia, and GlobalSensitivityAnalysis is
another Julia package that has mostly adapted SALib methods. Fig. 3.6 also identifies the SA packages that have been
updated since 2018, indicating active support and development.

Note: The following articles are suggested as fundamental reading for the information presented in this section:

* Wagener, T., Pianosi, F., 2019. What has Global Sensitivity Analysis ever done for us? A systematic review to
support scientific advancement and to inform policy-making in earth system modelling. Earth-Science Reviews
194, 1-18. https://doi.org/10.1016/j.earscirev.2019.04.006

* Pianosi, F., Beven, K., Freer, J., Hall, J.W., Rougier, J., Stephenson, D.B., Wagener, T., 2016. Sensitivity analysis
of environmental models: A systematic review with practical workflow. Environmental Modelling & Software
79, 214-232. https://doi.org/10.1016/j.envsoft.2016.02.008

The following articles can be used as supplemental reading:

e Saltelli, A., Ratto, M., Andres, T., Campolongo, F., Cariboni, J., Gatelli, D., Saisana, M., Tarantola, S., 2008.
Global Sensitivity Analysis: The Primer, Ist edition. ed. Wiley-Interscience, Chichester, England; Hoboken,
NIJ.

* Montgomery, D.C., 2017. Design and analysis of experiments. John Wiley & Sons.

¢ looss, B., Lemaitre, P,, 2015. A Review on Global Sensitivity Analysis Methods, in: Dellino, G., Meloni,
C. (Eds.), Uncertainty Management in Simulation-Optimization of Complex Systems: Algorithms and Appli-
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Fig. 3.6: Sensitivity analysis packages available in different programming language platforms (R, Python, Julia, MAT-
LAB, and C++), with the number of methods they support. Packages supporting more than five methods are indicated
in pink. Packages updated since 2018 are indicated with asterisks.
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cations, Operations Research/Computer Science Interfaces Series. Springer US, Boston, MA, pp. 101-122.
https://doi.org/10.1007/978-1-4899-7547-8_5
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CHAPTER
FOUR

SENSITIVITY ANALYSIS: DIAGNOSTIC & EXPLORATORY MODELING

4.1 Understanding Errors: What Is Controlling Model Performance?

Sensitivity analysis is a diagnostic tool when reconciling model outputs with observed data. It is helpful for clarifying
how and under what conditions modeling choices (structure, parameterization, data inputs, etc.) propagate through
model components and manifest in their effects on model outputs. This exploration is performed through carefully
designed sampling of multiple combinations of input parameters and subsequent evaluation of the model structures
that are emerging as controlling factors. Model structure and parameterization are two of the most commonly explored
aspects of models that have been a central focus when evaluating their performance relative to available observations
[17]. Addressing these issues plays an important role in establishing credibility in model predictions, particularly in the
positivist natural sciences literature. Traditional model evaluations compare the model with observed data, and then
rely on expert judgements of its acceptability based on the closeness between simulation and observation with one or a
small number of selected metrics. This approach can be myopic, as it is often impossible to use one metric to attribute
a certain error and to link that with different parts of the model and its parameters [127]. This means that, even when
the error or fitting measure between the model estimates and observations is very small, it is not guaranteed that all the
components in the model accurately represent the conceptual reality that the model is abstracting: propagated errors in
different parts of the model might cancel each other out, or multiple parameterized implementations of the model can
yield similar performance (i.e., equifinality [17]).

The inherent complexity of a system hinders accepting or rejecting a model based on one performance measure and
different types of measures can aid in evaluating the various components of a model as essentially a multiobjective
problem [25, 26]. In addition, natural systems mimicked by the models contain various interacting components that
might act differently across spatial and temporal domains [51, 55]. This heterogeneity is lost when a single performance
measure is used, as a highly dimensional and interactive system becomes aggregated through the averaging of spatial
or temporal output errors [15]. Therefore, diagnostic error analyses should consider multiple error signatures across
different scales and states of concern when seeking to understand how model performance relates to observed data
(Fig. 4.1). Diverse error signatures can be used to measure the consistency of underlying processes and behaviors of
the model and to evaluate the dynamics of model controls under changing temporal and spatial conditions [128]. Within
this framework, even minimal information extracted from the data can be beneficial as it helps us unearth structural
inadequacies in the model. In this context, proper selection of measures of model performance and the number of
measures could play consequential roles in our understanding of the model and its predictions [129].

As discussed earlier, instead of the traditional focus on using deterministic prediction that results in a single error mea-
sure, many plausible states and spaces could be searched for making different inferences and quantifying uncertainties.
This process also requires estimates of prior probability distributions of all the important parameters and quantification
of model behavior across input space. One strategy to reduce the search space is filtering of some model alternatives
that are not consistent with observations and known system behaviors. Those implausible parts of the search space
can be referred to as non-physical or non-behavioral alternatives [50, 104]. This step is conducted before the Bayesian
calibration exercise (see Chapter A).

A comprehensive model diagnostic workflow typically entails the components demonstrated in Fig. 4.1. The workflow
begins with the selection of model input parameters and their plausible ranges. After the parameter selection, we
need to specify the design of experiment (Chapter 3.3) and the sensitivity analysis method (Chapter 3.4) to be used.
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As previously discussed, these methods require different numbers of model simulations, and each method provides
a different insights into the direct effects and interactions of the uncertain factors. In addition, the simulation time
of the model and the available computational resources are two of the primary considerations that influence these
decisions. After identifying the appropriate methods, we generate a matrix of input parameters, where each set of
input parameters will be used to conduct a model simulation. The model can include one or more output variables
that fluctuate in time and space. The next step is to analyze model performance by comparing model outputs with
observations. As discussed earlier, the positivist model evaluation paradigm focuses on a single model performance
metric (error), leading to a loss of information about model parameters and the suitability of the model’s structure.
However, a thorough investigation of the temporal and spatial signatures of model outputs using various performance
metrics or time- and space-varying sensitivity analyses can shed more light on the fitness of each parameter set and the
model’s internal structure. This analysis provides diagnostic feedback on the importance and range of model parameters
and can guide further improvement of the model algorithm.

Diagnostic feedback
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Fig. 4.1: Diagnostic evaluation of model fidelity using sensitivity analysis methods.

Note: Put this into practice! Click the following badge to try out an interactive tutorial on implementing a time-varying
sensitivity analysis of HYMOD model parameters: HYMOD Jupyter Notebook

4.2 Consequential Dynamics: What is Controlling Model Behaviors
of Interest?

Consequential changes in dynamic systems can take many forms, but most dynamic behavior can be categorized in a
few basic patterns. Feedback structures inherent in a system, be they positive or negative, generate these patterns which
can be grouped into three groups for the simplest of systems: exponential growth, goal seeking, and oscillation (Fig.
4.2). A positive (or self-reinforcing) feedback gives rise to exponential growth, a negative (or self-correcting) feedback
gives rise to a goal seeking mode, and negative feedbacks with time delays give rise to oscillatory behavior. Nonlinear
interactions between the system’s feedback structures can give rise to more complex dynamic behavior modes, examples
of which are also shown in Fig. 4.2, adapted from Sterman [130].

The nature of feedback processes in a dynamic system shapes its fundamental behavior: positive feedbacks generate
their own growth, negative feedbacks self-limit, seeking balance and equilibrium. In this manner, feedback processes
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Fig. 4.2: Common modes of behavior in dynamic systems, occurring based on the presence of positive and negative
feedback relationships, and linear and non-linear interactions. Adapted from Sterman [130].

give rise to different regimes, multiples of which could be present in each mode of behavior. Consider a population
of mammals growing exponentially until it reaches the carrying capacity of its environment (referred to as S-shaped
growth). When the population is exponentially growing, the regime is dominated by positive feedback relationships
that reinforce its growth. As the population approaches its carrying capacity limit, negative feedback structures begin
to dominate, counteracting the growth and establishing a stable equilibrium. Shifts between regimes can be thought
of as tipping points, mathematically defined as unstable equilibria, where the presence of positive feedbacks amplifies
disturbances and moves the system to a new equilibrium point. In the case of stable equilibria, the presence of negative
feedbacks dampens any small disturbance and maintains the system at a stable state. As different feedback relationships
govern each regime, different factors (those making up each feedback mechanism) are activated and shape the states
the system is found in, as well as define the points of equilibria.

For simple stylized models with a small number of states, system dynamics analysis can analytically derive these equi-
libria, the conditions for their stability and the factors determining them. The ability for this to be performed is, however,
significantly challenged when it comes to systems that attempt to more closely resemble real complex systems. We ar-
gue this is the case for several reasons. First, besides generally exhibiting complex nonlinear dynamics, real world
systems are also made up from larger numbers of interacting elements, which often makes the analytic derivation of
system characteristics intractable [131, 132]. Second, human-natural systems temporally evolve and transform when
human state-aware action is present. Consider, for instance, humans recreationally hunting the aforementioned popu-
lation of mammals. Humans act based on the mammal population levels by enforcing hunting quotas or establishing
protected territories or eliminating other predators. The mammal population reacts in a response, giving birth to ever
changing state-action-consequence feedbacks, the path dependencies of which become difficult to diagnose and under-
stand (e.g., [133]). Trying to simulate the combination of these two challenges (large numbers of state-aware agents
interacting with a natural resource and with each other) produces intractable models that require advanced heuristics
to analyze their properties and establish useful inferences.

Sensitivity analysis paired with exploratory modeling methods offers a promising set of tools to address these chal-
lenges. We present a simple demonstrative application based on Quinn ef al. [134]. This stylistic example was first
developed by Carpenter er al. [135] and represents a town that must balance its agricultural and industrial productiv-
ity with the pollution it creates in a downstream lake. Increased productivity allows for increased profits, which the
town aims to maximize, but it also produces more pollution for the lake. Too much phosphorus pollution can cause
irreversible eutrophication, a process known as “tipping” the lake. The model of phosphorus in the lake X} at time ¢ is
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governed by:

Xq
Xt+1:Xt+at+ ¢ —bXt+€

1+ X7
where a; € [0,0.1] is the town’s pollution release at each timestep, b is the natural decay rate of phosphorus in the
lake, q defines the lake’s recycling rate (primarily through sediments), and ¢ represents uncontrollable natural inflows
of pollution modeled as a log-normal distribution with a given mean, p, and standard deviation o.

Panels (a-c) in Fig. 4.3 plot the fluxes of phosphorus into the lake versus the mass accumulation of phosphorus in the
lake. The red line corresponds to the phosphorus sinks in the lake (natural decay), given by b.X;. The grey shaded
area represents the lake’s phosphorus recycling flux, given by % The points of intersection indicate the system’s
equilibria, two of which are stable, and one is unstable (also known as the tipping point). The stable equilibrium in
the bottom left of the figure reflects an oligotrophic lake, whereas the stable equilibrium in the top right represents
a eutrophic lake. With increasing phosphorus values, the tipping point can be crossed, and the lake will experience
irreversible eutrophication, as the recycling rate would exceed the removal rate even if the town’s pollution became
zero. In the absence of anthropogenic and natural inflows of pollution in the lake (a; and € respectively), the area
between the bottom-left black point and the white point in the middle can be considered as the safe operating space,
before emission levels cross the tipping point.

The town has identified two potential policies that can be used to manage this lake, one that maximizes its economic
profits (“best economic policy””) and one that maximizes the time below the tipping point (“most reliable policy™).
Panels (b-c) in Fig. 4.3 add the emissions from these policies to the recycling flux and show how the equilibria points
shift as a result. In both cases the stable oligotrophic equilibrium increases and the tipping point decreases, narrowing
the safe operating space [131, 138]. The best economic policy results in a much narrower space of action, with the
tipping point very close to the oligotrophic equilibrium. The performance of both policies depends significantly on the
system parameters. For example, a higher value of b, the natural decay rate, would shift the red line upward, moving
the equilibria points and widening the safe operating space. Inversely, a higher value of ¢, the lake’s recycling rate,
would shift the recycling line upward, moving the tipping point lower and decreasing the safe operating space. The
assumptions under which these policies were identified are therefore critical to their performance and any potential
uncertainty in the parameter values could be detrimental to the system’s objectives being met.

Sensitivity analysis can be used to clarify the role these parameters play on policy performance. Fig. 4.3 (d) shows the
results of a Sobol sensitivity analysis on the reliability of the “most reliable” policy in a radial convergence diagram.
The significance of each parameter is indicated by the size of circles corresponding to it. The size of the interior dark
circle indicates the parameter’s first-order effects and the size of the exterior circle indicates the parameter’s total-
order effects. The thickness of the lines between two parameters indicated the extent of their interaction (second-order
effects). In this case, parameters b and g appear to have the most significant importance on the system, followed by the
mean, u, of the natural inflows. All these parameters function in a manner that shifts the location of the three equilibria
and therefore policies that are identified ignoring this parametric uncertainty might fail to meet their intended goals.

It is worth mentioning that current sensitivity analysis methods are somewhat challenged in addressing several system
dynamics analysis questions. The fundamental reason is that sensitivity analysis methods and tools have been developed
to gauge numerical sensitivity of model output to changes in factor values. This is natural, as most simulation studies
(e.g., all aforementioned examples) have been traditionally concerned with this type of sensitivity. In system dynamics
modeling, however, a more important and pertinent concern is changes between regimes or between behavior modes
(also known as bifurcations) as a result of changes in model factors [130, 139]. This poses two new challenges. First,
identifying a change in regime depends on several characteristics besides a change in output value, like the rate and
direction of change. Second, behavior mode changes are qualitative and discontinuous, as equilibria change in stability
but also move in and out of existence.

Despite these challenges, recent advanced sensitivity analysis methods can help illuminate which factors in a system
are most important in shaping boundary conditions (tipping points) between different regimes and determining changes
in behavior modes. Reviewing such methods is outside the scope of this text, but the reader is directed to the examples
of Eker et al. [22] and Hadjimichael et al. [133], who apply parameterised perturbation on the functional relationships
of a system to study the effects of model structural uncertainty on model outputs and bifurcations, and Hekimoglu and
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Fig. 4.3: Fluxes of phosphorus with regards to mass of phosphorus in the lake and sensitivity analysis results, assuming
b = 0.42 and ¢ = 2. (a) Fluxes of phosphorus assuming no emmisions policy and no natural inflows. (b-c) Fluxes
phosphorus when applying two different emissions policies. The “Best economic policy” and the “Most reliable policy”
have been identified by Quinn et al. [134] and can be found at Quinn [136]. (d) Results of a sensitivity analysis on
the parameters of the model most consequential to the reliability of the “Most reliable policy”. The code to replicate

the sensitivity analysis can be found at Hadka [137]. Panels (a-c) are used courtesy of Julianne Quinn, University of
Virginia.
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Barlas [139] and Steinmann et al. [140] who, following wide sampling of uncertain inputs, cluster the resulting time
series in modes of behavior and identify most important factors for each.

Note: Put this into practice! Click the following badge to try out an interactive tutorial on performing a sensitivity
analysis to discover consequential dynamics: Factor Discovery Jupyter Notebook

4.3 Consequential Scenarios: What is Controlling Consequential
Outcomes?

As overviewed in Chapter 2.2, most models are abstractions of systems in the real world. When sufficient confidence
has been established in a model, it can then act as a surrogate for the actual system, in that the consequences of potential
stressors, proposed actions or other changes can be evaluated by computer model simulations [36]. A model simulation
then represents a computational experiment, which can be used to assess how the modeled system would behave should
the various changes come to be. Steven Bankes coined the term exploratory modeling to describe the use of large sets
of such computational experiments to investigate their implications on the system. Fig. 4.4 presents a typical workflow
of an exploratory modeling application. Exploratory modeling approaches typically use sampling designs to generate
large ensembles of states that represent combinations of changes happening together, spanning the entire range of
potential values a factor might take (indicated in Fig. 4.4 by numbers 2-5). This perspective on modeling is particularly
relevant to studies making long term projections into the future.

In the long-term policy analysis literature, exploratory modeling has prominently placed itself as an alternative to tra-
ditional narrative scenario or assumptions-based planning approaches, in what can be summarized in the following
two-pronged critique [36, 141, 142]. The most prevalent criticism sees that the future and how it might evolve is both
highly complex and deeply uncertain. Despite its benefits for interpretation and intuitive appeal, a small number of sce-
narios invariably misses many other potential futures that did not get selected as sufficiently representative of the future.
This is especially the case for aggregate, narrative scenarios that describe simultaneous changes in multiple sectors to-
gether (e.g., “increased energy demand, combined with high agricultural land use and large economic growth”), such as
the emission scenarios produced by the Intergovernmental Panel on Climate Change [143]. The bias introduced by this
reduced set of potential changes can skew inferences drawn from the model, particularly when the original narrative
scenarios are focused on a single or narrow set of measures of system behavior.

The second main criticism of traditional narrative scenario-based planning methods is that they provide no system-
atic way to distinguish which of the constituent factors lead to the undesirable consequences produced by a scenario.
Narrative scenarios (e.g., the scenario matrix framework of RCPs-SSPs-SPAs; [144]) encompass multiple changes hap-
pening together selected to span the range of potential changes but are not typically generated in a systematic factorial
manner that considers the multiple ways the factors can be combined. This has two critical limitations. It obfuscates
the role each component factor plays in the system, both in isolation and in combination with others (e.g., “is it the
increased energy demand or the high agricultural land use that cause unbearable water stress?”). It also renders the
delineation of how much change in a factor is critical near impossible. Consider, for example, narrative scenario A
with a 5% increase in energy demand, and scenario B with a 30% increase in energy demand, which would have dire
consequences. At which point between 5% and 30% do the dire consequences actually begin to occur? Such questions
cannot be answered without a wide exploration of the space of potential changes. It should be noted that for some levels
of model complexity and computational demands (e.g., global-scale models) there is little feasible recourse beyond the
use of narrative scenarios.

Exploratory modeling is typically paired with scenario discovery methods (indicated by number 9 in Fig. 4.4) that
identify which of the scenarios (also known as states of the world) generated indeed have consequences of interest
for stakeholders and policy makers, in an approach referred to as ensemble-based scenario-discovery [45, 102, 103].
This approach therefore flips the planning analysis from one that attempts to predict future system conditions to one
that attempts to discover the (un)desirable future conditions. Ensemble-based scenario discovery can thus inform what
modeling choices yield the most consequential behavioral changes or outcomes, especially when considering deeply
uncertain, scenario-informed projections [9, 145]. The relative likelihoods and relevance of the discovered scenarios
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can be subsequently evaluated by the practitioners a posteriori, within a richer context of knowing the wider set of
potential consequences [146]. This can include changing how an analysis is framed (number 10 in Fig. 4.4). For
instance, one could initially focus on ensemble modeling of vulnerability using a single uncertain factor that is assumed
to be well characterized by historical observations (e.g., streamflow; this step is represented by numbers 2-3 in Fig.
4.4). The analysis can then shift to include projections of more factors treated as deeply uncertain (e.g., urbanization,
population demands, temperature, and snow-melt) to yield a far wider space of challenging projected futures. UC
experiments contrasting these two framings can be highly valuable for tracing how vulnerability inferences change as
the modeled space of futures expands from the historical baseline [134].

An important nuance to be clarified here is that the focus or purpose of a modeling exercise plays a major role in
whether a given factor of interest is considered well-characterized or deeply uncertain. Take the example context of
characterizing temperature or streamflow extremes, where for each state variable of interest for a given location of
focus there is a century of historical observations. Clearly, the observation technologies will have evolved over time
uniquely for temperature and streamflow measurements and they likely lack replicate experiments (data uncertainty).
A century of record will be insufficient to capture very high impact and rare extreme events (i.e., increasingly poor
structural/parametric inference for the distributions of specific extreme single or compound events). The mechanis-
tic processes as well as their evolving variability will be interdependent but uniquely different for each of these state
variables. A large body of statistical literature exists focusing on the topics of synthetic weather [81, 82] or stream-
flow [83, 84] generation that provides a rich suite of approaches for developing history-informed, well-characterized
stochastic process models to better estimate rare individual or compound extremes. These history-focused approaches
can be viewed as providing well-characterized quantifications of streamflow or temperature distributions; however, they
do not capture how coupled natural-human processes can fundamentally change their dynamics when transitioning to
projections of longer-term futures (e.g., streamflow and temperature in 2055). Consequently, changing the focus of
the modeling to making long term projections of future streamflow or temperature now makes these processes deeply
uncertain.

Scenario discovery methods (number 9 in Fig. 4.4) can be qualitative or quantitative and they generally attempt to
distinguish futures in which a system or proposed policies to manage the system meet or miss their goals [103]. The
emphasis placed by exploratory modeling on model outputs that have decision relevant consequences represents a shift
toward a broader class of metrics that are reflective of the stakeholders’ concerns, agency and preferences (also discussed
in Chapter 2.2). As a result, sensitivity analysis and scenario discovery methods in this context are therefore applied
to performance metrics that go beyond model error but are rather focused on broader metrics such as the resilience
of a sector, the reliability of a process, or the vulnerability of a population in the face of uncertainty. In exploratory
modeling literature, this metric is most typically—but not always—a measure of robustness (number 8 in Fig. 13).
Robustness is a property of a system or a design choice capturing its insensitivity to uncertainty and can be measured
via a variety of means, most recently reviewed by Herman et al. [147] and McPhail et al. [129].

Scenario discovery is typically performed through the use of algorithms applied on large databases of model runs, gen-
erated through exploratory modeling, with each model run representing the performance of the system in one potential
state of the world. The algorithms seek to identify the combinations of factor values (e.g., future conditions) that best
distinguish the cases in which the system does or does not meet its objectives. The most widely known classification
algorithms are the Patient Rule Induction Method (PRIM; [97]) and Classification and Regression Trees (CART; [98]).
These factor mapping algorithms create orthogonal boundaries (multi-dimensional hypercubes) between states of the
world that are successful or unsuccessful in meeting the system’s goals [65]. The algorithms attempt to strike a balance
between simplicity of classification (and as a result, interpretability) and accuracy [45, 103, 148].

Even though these approaches have been shown to yield interpretable and relevant scenarios [149], several authors have
pointed out the limitations of these methods with regards to their division of space in orthogonal behavioral and non-
behavioral regions [150]. Due to their reliance on boundaries orthogonal to the uncertainty axes, PRIM and CART
cannot capture interactions between the various uncertain factors considered, which can often be significant [151].
More advanced methods have been proposed to address this drawback, with logistic regression being perhaps the most
prominent [151, 152, 153]. Logistic regression can produce boundaries that are not necessarily orthogonal to each
uncertainty axis, nor necessarily linear, if interactive terms between two parameters are used to build the regression
model. It also describes the probability that a state of the world belongs to the scenarios that lead to failure. This feature
allows users to define regions of success based on a gradient of estimated probability of success in those worlds, unlike
PRIM which only classifies states of the world in two regions [151, 154].
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Another more advanced factor mapping method is boosted trees [99, 155]. Boosted trees can avoid two limitations
inherent to the application of logistic regression: i) to build a nonlinear classification model the interactive term between
two uncertainties needs to be pre-specified and cannot be discovered (e.g., we need to know a-priori whether factor x;
interacts with x5 in a relationship that looks like x1 -z or 7?); and ii) the subspaces defined are always convex. The
application of such a factor mapping algorithm is limited in the presence of threshold-based rules with discrete actions
in a modeled system (e.g., “if network capacity is low, build new infrastructure”), which results in failure regions that
are nonlinear and non-convex [150]. Boosting works by creating an ensemble of classifiers and forcing some of them
to focus on the hard-to-learn parts of the problem, and others to focus on the easy-to-learn parts. Boosting applied
to CART trees can avoid the aforementioned challenges faced by other scenario discovery methods, while resisting
overfitting [156], assuring the identified success and failure regions are still easy to interpret.

Below we provide an example application of two scenario discovery methods, PRIM and logistic regression, using
the lake problem introduced in the previous section. From the sensitivity analysis results presented in Fig. 4.3 (d),
we can already infer that parameters b and ¢ have important effects on model outputs (i.e., we have performed factor
prioritization). Scenario discovery (i.e., factor mapping) complements this analysis by further identifying the specific
values of b and q that can lead to consequential and undesirable outcomes. For the purposes of demonstration, we can
assume the undesirable outcome in this case is defined as the management policy failing to achieve 90% reliability in
a state of the world.
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Fig. 4.5: Scenario discovery for the lake problem, using (a) PRIM and (b) logistic regression.

Fig. 4.5 shows the results of scenario discovery, performed through (a) PRIM and (b) logistic regression. Each point
in the two panels indicates a potential state of the world, generated through Latin Hypercube Sampling. Each point is
colored by whether the policy meets the above performance criterion, with blue indicating success and red indicating
failure. PRIM identifies several orthogonal areas of interest, one of which is shown in panel (a). As discussed above,
this necessary orthogonality limits how PRIM identifies areas of success (the area within the box). As factors b and
q interact in this system, the transition boundary between the regions of success and failure is not orthogonal to any
of the axes. As a result, a large number of points in the bottom right and the top left of the figure are left outside of
the identified region. Logistic regression can overcome this limitation by identifying a diagonal boundary between the
two regions, seen in panel (b). This method also produces a gradient of estimated probability of success across these
regions.

Note: Put this into practice! Click the following link to try out an interactive tutorial on performing factor mapping
using logistic regression: Logistic Regression Jupyter Notebook
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Note: The following articles are suggested as fundamental reading for the information presented in this section:

* Gupta, H.V., Wagener, T., Liu, Y., 2008. Reconciling theory with observations: elements of a diagnostic approach
to model evaluation. Hydrological Processes: An International Journal 22, 3802-3813.

* Bankes, S., 1993. Exploratory Modeling for Policy Analysis. Operations Research 41, 435-449. https://doi.org/
10.1287/opre.41.3.435

* Groves, D.G., Lempert, R.J., 2007. A new analytic method for finding policy-relevant scenarios. Global Envi-
ronmental Change 17, 73-85. https://doi.org/10.1016/j.gloenvcha.2006.11.006

The following articles can be used as supplemental reading:

e Marchau, V.A.W.J., Walker, W.E., Bloemen, PJ.T.M., Popper, S.W. (Eds.), 2019. Decision Making un-

der Deep Uncertainty: From Theory to Practice. Springer International Publishing. https://doi.org/10.1007/
978-3-030-05252-2

 Sterman, J.D., 1994. Learning in and about complex systems. System Dynamics Review 10, 291-330. https:
//doi.org/10.1002/sdr.4260100214
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CHAPTER
FIVE

CONCLUSION

As noted in the Introduction (Chapter 1), the computational and conceptual challenges of the multi-model, transdisci-
plinary workflows that characterize ambitious projects such as IM3 have limited UC and UQ analyses. Moreover, the
very nature and purpose of modeling and diagnostic model evaluation can have very diverse philosophical framings
depending on the disciplines involved (see Figure_1_1 and Chapter 2.2). The guidance provided in this text can be
used to frame consistent and rigorous experimental designs for better understanding the consequences and insights
from our modeling choices when seeking to capture complex human-natural systems. The progression of sections of
this text provide a thorough introduction of the concepts and definitions of diagnostic model evaluation, sensitivity
analysis and UC. In addition, we comprehensively discuss how specific modeling objectives and applications should
guide the selection of appropriate techniques; broadly, these can include model diagnostics, in-depth analysis of the be-
havior of the abstracted system, and projections under conditions of deep uncertainty. This text also contains a detailed
presentation of the main sensitivity analysis methods and a discussion of their features and main limitations. Readers
are also provided with an overview of computer tools and platforms that have been developed and could be considered
in addressing IM3 scientific questions. The appendices of this text include an overview of UQ methods, a terminology
glossary of the key concepts as well as example test cases and scripts to showcase various UC related capabilities.

Although we distinguish the UC and UQ model diagnostics, the reader should note that we suggest an overall consistent
approach to both in this text by emphasizing “exploratory modeling” (see review by Moallemi ez al. [9]). Although data
support, model complexity, and computational limits strongly distinguish the feasibility and appropriateness of various
UC diagnostic tools (e.g., see Fig. 3.5), we overall recommend that modelers view their work through the lens of cy-
cles of learning. Iterative and deliberative exploration of model-based hypotheses and inferences for transdisciplinary
teams is non-trivial and ultimately critical for mapping where innovations or insights are most consequential. Overall,
we recommend approaching modeling with an openness to the diverse disciplinary perspectives such as those mirrored
by the IM3 family of models in a progression from evaluating models relative to observed history to advanced for-
malized analyses to make inferences on multi-sector, multi-scale vulnerabilities and resilience. Exploratory modeling
approaches can help fashion experiments with large numbers of alternative hypotheses on the co-evolutionary dynamics
of influences, stressors, as well as path-dependent changes in the form and function of coupled human-natural systems
[37]. This text guides the reader through the use of sensitivity analysis and uncertainty methods across the diverse
perspectives that have shaped modern diagnostic and exploratory modeling.
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APPENDIX
A

UNCERTAINTY QUANTIFICATION

A.1 Introduction

As defined in Chapter 1, uncertainty quantification (UQ) refers to the formal focus on the full specification of likelihoods
as well as distributional forms necessary to infer the joint probabilistic response across all modeled factors of interest [8].
This is in contrast to UC (the primary focus of the main document of this book), which is instead aimed at identifying
which modeling choices yield the most consequential changes or outcomes and exploring alternative hypotheses related
to the form and function of modeled systems [9, 10].

UQ is important for quantifying the relative merits of hypotheses for at least three main reasons. First, identifying model
parameters that are consistent with observations is an important part of model development. Due to several effects,
including correlations between parameters, simplified or incomplete model structures (relative to the full real-world
dynamics), and uncertainty in the observations, many different combinations of parameter values can be consistent with
the model structure and the observations to varying extents. Accounting for this uncertainty is conceptually preferable
to selecting a single “best fit” parameter vector, particularly as consistency with historical or present observations does
not necessarily guarantee skillful future projections.

The act of quantification requires specific assumptions about distributional forms and likelihoods, which may be more
or less justified depending on prior information about the system or model behavior. As a result, UQ is well-suited for
studies accounting for or addressing hypotheses related to systems with a relatively large amount of available data and
models which are computationally inexpensive, particularly when the emphasis is on prediction. As shown in Fig. 1.1,
there is a fundamental tradeoff between the available number of model evaluations (for a fixed computational budget)
and the number of parameters treated as uncertain. Sensitivity analyses are therefore part of a typical UQ workflow to
identify which factors can be fixed and which ought to be prioritized in the UQ.

The choice of a particular UQ method depends on both the desired level of quantification and the ability to navigate
the tradeoff between computational expense and the number of uncertain parameters (Fig. 1.1). For example, Markov
chain Monte Carlo with a full system model can provide an improved representation of uncertainty compared to the
coarser pre-calibration approach [157], but requires many more model evaluations. The use of a surrogate model to
approximate the full system model can reduce the number of needed model evaluations by several orders of magnitude,
but the uncertainty quantification can only accommodate a limited number of parameters.

The remainder of this appendix will focus on introducing workflows for particular UQ methods, including a brief
discussion of advantages and limitations.

37



# Available Model Uncertainty
Evaluations Characterization

2

10
100
1K
10K
100K

™

Uncertainty 1 5 # Uncertain 20
Quantification Parameters

1000

Fig. 1.1: Overview of selected existing approaches for uncertainty quantification and their appropriateness given the
number of uncertain model parameters and the number of available model simulations. Green shading denotes regions

suitable for uncertainty quantification and red shading indicates regions more appropriate for uncertainty characteriza-
tion.
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A.2 Parametric Bootstrap

The parametric bootstrap [158] refers to a process of model recalibration to alternate realizations of the data. The
bootstrap was originally developed to estimate standard errors and confidence intervals without ascertaining key as-
sumptions that might not hold given the available data. In a setting where observations can be viewed as independent
realizations of an underlying stochastic process, a sufficiently rich dataset can be treated as a population representing
the data distribution. New datasets are then generated by resampling from the data with replacement, and the model
can be refit to each new dataset using maximum-likelihood estimation. The resulting distribution of estimates can then
be viewed as a representation of parametric uncertainty.

A typical workflow for the parametric bootstrap is shown in Fig. 1.2. After identifying outputs of interest and preparing
the data, the parametric model is fit by some procedure such as minimizing root-mean-square-error or maximizing the
likelihood. Alternate datasets are constructed by resampling from the population or by generating new samples from the
fitted data-generating process. It is important at this step that the resampled quantities are independent of one another.
For example, in the context of temporally- or spatially-correlated data, such as time series, the raw observations cannot
be treated as independent realizations. However, the residuals resulting from fitting the model to the data could be
(depending on their structure). For example, if the residuals are treated as independent, they can then be resampled
with replacement, and these residuals added to the original model fit to create new realizations. If the residuals are
assumed to be the result of an autoregressive process, this process could be fit to the original residual series and new
residuals be created using this model [159]. The model is then refit to each new realization.

The bootstrap is computationally convenient, particularly as the process of fitting the model to each realization can be
easily parallelized. This approach also requires minimal prior assumptions. However, due to the assumption that the
available data are representative of the underlying data distribution, the bootstrap can neglect key uncertainties which
might influence the results. For example, when using an autoregressive process to generate new residuals, uncertainty
in the autocorrelation parameter and innovation variance is neglected, which may bias estimates of, for example, low-
probability but high-impact events [160].

A.3 Pre-Calibration

Pre-calibration [18, 161, 162] involves the identification of a plausible set of parameters using some prespecified screen-
ing criterion, such as the distance from the model results to the observations (based on an appropriate metric for the
desired matching features, such as root-mean-squared error). A typical workflow is shown in Fig. 1.3. Parameter values
are obtained by systematically sampling the input space (see Chapter 3.3). After the model is evaluated at the samples,
only those passing the distance criterion are retained. This selects a subset of the parameter space as “plausible” based
on the screening criterion, though there is no assignment of probabilities within this plausible region.

Pre-calibration can be useful for models which are inexpensive enough that a reasonable number of samples can be
used to represent the parameter space, but which are too expensive to facilitate full uncertainty quantification. High-
dimensional parameter spaces, which can be problematic for the uncertainty quantification methods below, may also be
explored using pre-calibration. One key prerequisite to using this method is the ability to place a meaningful distance
metric on the output space.

However, pre-calibration results in a very coarse characterization of uncertainty, especially when considering a large
number of parameters, as more samples are needed to fully characterize the parameter space. Due to the inability
to evaluate the relative probability of regions of the parameter space beyond the binary plausible-and-implausible
characterization, pre-calibration can also result in degraded hindcast and projection skills and parameter estimates
[157, 163, 164].

A related method, widely used in hydrological studies, is generalized likelihood uncertainty estimation, or GLUE [18].
Unlike pre-calibration, the underlying argument for GLUE relies on the concept of equifinality [165], which posits
that it is impossible to find a uniquely well-performing parameter vector for models of abstract environmental sys-
tems [165, 166]. In other words, there exist multiple parameter vectors which perform equally or similarly well. As
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with pre-calibration, GLUE uses a goodness-of-fit measure (though this is called a “likelihood” in the GLUE litera-
ture, as opposed to a statistical likelihood function [167]) to evaluate samples. After setting a threshold of acceptable
performance with respect to that measure, samples are evaluated and classified into “behavioral” or “non-behavioral”
according to the threshold.

Note: Put this into practice! Click the following badge to try out an interactive tutorial on utilizing Pre-Calibration
and GLUE for HYMOD model calibration: Pre-Calibration Jupyter Notebook

A.4 Markov Chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a “gold standard” approach to full uncertainty quantification. MCMC refers
to a category of algorithms which systematically sample from a target distribution (in this case, the posterior distri-
bution) by constructing a Markov chain. A Markov chain is a probabilistic structure consisting of a state space, an
initial probability distribution over the states, and a transition distribution between states. If a Markov chain satisfies
certain properties [168, 169], the probability of being in each state will eventually converge to a stable, or stationary,
distribution, regardless of the initial probabilities.

MCMC algorithms construct a Markov chain of samples from a parameter space (the combination of model and statis-
tical parameters). This Markov chain is constructed so that the stationary distribution is a target distribution, in this case
the (Bayesian) posterior distribution. As a result, after the transient period, the resulting samples can be viewed as a set
of dependent samples from the posterior (the dependence is due to the autocorrelation between samples resulting from
the Markov chain transitions). Expected values can be computed from these samples (for example, using batch-means
estimators [170]), or the chain can be sub-sampled or thinned and the resulting samples used as independent Monte
Carlo samples due to the reduced or eliminated autocorrelation.

A general workflow for MCMC is shown in Fig. 1.4. The first decision is whether to use the full model or a surrogate
model (or emulator). Typical surrogates include Gaussian process emulation [171, 172], polynomial chaos expansions
[173, 174], support vector machines [175, 176], and neural networks [177, 178]. Surrogate modeling can be faster,
but requires a sufficient number of model evaluations for the surrogate to accurately represent the model’s response
surface, and this typically limits the number of parameters which can be included in the analysis.

After selecting the variables which will be treated as uncertain, the next step is to specify the likelihood based on the
selected surrogate model or the structure of the data-model residuals. For example, it may not always be appropriate
to treat the residuals as independent and identically distributed (as is commonly done in linear regression). A mis-
specification of the residual structure can result in biases and over- or under-confident inferences and projections [179].

After specifying the prior distributions (see Chapter A.6), the selected MCMC algorithm should be used to draw sam-
ples from the posterior distribution. There are many MCMC algorithms, all of which have advantages and disadvantages
for a particular problem. These include the Metropolis-Hastings algorithm [169] and Hamiltonian Monte Carlo [180,
181]. Software packages typically implement one MCMC method, sometimes designed for a particular problem set-
ting or likelihood specification. For example, R’s adaptMCMC implements an adaptive Metropolis-Hastings algorithm
[182], while NIMBLE [183, 184] uses a user-customizable Metropolis-Hastings implementation, as well as function-
ality for Gibbs sampling (which is a special case of Metropolis-Hastings where the prior distribution has a convenient
mathematical form). Some recent implementations, such as Stan [185], pyMC3 [186], and Turing [187] allow different
algorithms to be used.

A main consideration when using MCMC algorithms is testing for convergence to the target distribution. As conver-
gence is guaranteed only for a sufficiently large number of transitions, it is impossible to conclude for certain that a
chain has converged for a fixed number of iterations. However, several heuristics have been developed [170, 188] to
increase evidence that convergence has occurred.
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A.5 Other Methods

Other common methods for UQ exist. These include sequential Monte Carlo, otherwise known as particle filtering
[189, 190, 191], where a number of particles are used to evaluate samples. An advantage of sequential Monte Carlo
is that the vast majority of the computation can be parallelized, unlike with standard MCMC. A major weakness is the
potential for degeneracy [190], where many particles have extremely small weights, resulting in the effective use of
only a few samples.

Another method is approximate Bayesian computation (ABC) [192, 193, 194]. ABC is a likelihood-free approach that
compares model output to a set of summary statistics. ABC is therefore well-suited for models and residual structures
which do not lend themselves to a computationally-tractable likelihood, but the resulting inferences are known to be
biased if the set of summary statistics is not sufficient, which can be difficult to know a-priori.

A.6 The Critical First Step: How to Choose a Prior Distribution

Prior distributions play an important role in Bayesian uncertainty quantification, particularly when data is limited
relative to the dimension of the model. Bayesian updating can be thought of as an information filter, where each
additional datum is added to the information contained in the prior; eventually, the prior makes relatively little impact.
In real world problems, it can be extremely difficult to assess how much data is required for the choice of prior to
become less relevant. The choice of prior can also be influential when conducting SA prior to or without UQ. This is
because a prior distribution for a sensitivity analysis for a given parameter which is much wider than the region where
the model response surface is sensitive to the parameter value might cause the sensitivity calculation to underestimate
the response in that potentially critical region. Similarly, a prior which is too narrow may miss regions where the model
responds to the parameter altogether.

Ideally, prior distributions are constructed independently of any analysis of the new data considered. This is because
using data to inform the prior as well as to compute the likelihood reuses information in a potentially inappropriate
way, which can lead to overconfident inferences. Following Jaynes [195], Gelman et al. [196] refers to the ideal prior
as one which encodes all available information about the model. For practical reasons (difficulty of construction or
computational inconvenience), most priors fail to achieve this ideal. These compromises mean that priors should be
transparently articulated and justified, so that the impact of the choice of prior can be fully understood. When there is
ambiguity about an appropriate prior, such as how fat the tails should be, an analyst should examine how sensitive the
UQ results are to the choice of prior.

Priors can also be classified in terms of the information encoded by them, demonstrated in Fig. 1.5. Non-informative
priors (illustrated in Fig. 1.5 (a)) allegedly correspond to (and are frequently justified by) a position of ignorance. A
classic example is the use of a uniform distribution. A uniform prior can, however, be problematic, as it can lead to
improper inferences by giving extremely large values the same prior probability as values which may seem more likely
[196, 197], and therefore does not really reflect a state of complete ignorance. In the extreme case of a uniform prior over
the entire real line, every particular region has effectively a prior weight of zero, even though not all regions are a priori
unlikely [197]. Moreover, a uniform prior which excludes possible parameter values is not actually noninformative, as
it assigns zero probability to those values while jumping to a nonzero probability as soon as the boundary is crossed.
While a uniform prior can be problematic for the task of uncertainty quantification, it may be useful for an initial
sensitivity analysis to identify the boundary of any regions where the model is sensitive to the parameter.

Informative priors strongly bound the range of probable values (illustrated in Fig. 1.5 (c)). One example is a Gaussian
distribution with a relatively small standard deviation, so that large values are assigned a close to null prior probability.
Another example is the jump from zero to non-zero probability occurring at the truncation point of a truncated Gaussian,
which could be justified based on information that the parameter cannot take on values beyond this point. Without this
type of justification, however, priors may be too informative, failing to allow the information contained in the available
data to update them.

Finally, weakly informative priors (illustrated in Fig. 1.5 (b)) fall in between [196]. They regularize better than non-
informative priors, but allow for more inference flexibility than fully informative priors. An example might be a Gaus-
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Fig. 1.5: Impact of priors on posterior inferences. These plots show the results of inference for a linear regression
model with 15 data points. The true value of the parameter is equal to -3. All priors have mean 0. In panel (a), a non-
informative prior allows the tails of the posterior to extend freely, which may result in unreasonably large parameter
values. In panel (b), a weakly informative prior constrains the tails more, but allows them to extend without too much
restriction. In panel (c), an informative prior strongly constrains the tails of the posterior and biases the inference closer
towards the prior mean (the posterior mean is -0.89 in this case, and closer to -3 in the other two cases).
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sian distribution with a moderate standard deviation, which still assigns negligible probability for values far away from
the mean, but is less constrained than a narrow Gaussian for a reasonably large area. A key note is that it is not neces-
sarily better to be more informative if this cannot be justified by the available information.

A.7 The Critical Final Step: Predictive Checks

Every UQ workflow requires a number of choices, potentially including selecting prior distributions, the likelihood
specification, and any used numerical models. Checking the appropriateness of these choices is an essential step for
sound inferences, as misspecification can produce biased results [179]. Model checking in this fashion is part of an
iterative UQ process, as the results can reveal adjustments to the statistical model or the need to select a different
numerical model [198, 199, 200].

A classic example is the need to check the structure of residuals for correlations. Many standard statistical models,
such as linear regression, assume that the residuals are independent and identically distributed from the error distribu-
tion. The presence of correlations, including temporal autocorrelations and spatial correlations, indicates a structural
mismatch between the likelihood and the data. In these cases, the likelihood should be adjusted to account for these
correlations.

Checking residuals in this fashion is one example of a predictive check (or a posterior predictive check in the Bayesian
setting). One way to view UQ is as a means to recover data-generating processes (associated with each parameter vector)
consistent with the observations. Predictive checks compare the inferred data-generating process to the observations
to determine whether the model is capable of appropriately capturing uncertainty. After conducting the UQ analysis,
alternatively realized datasets are simulated from sampled parameters. These alternative datasets, or their summary
statistics, can be tested against the observations to determine adequacy of the fit. Predictive checks are therefore a way of
probing various model components to identify shortcomings that might result in biased inferences or poor projections,
depending on the goal of the analysis.

One example of a graphical predictive check for time series models is hindcasting, where predictive intervals are con-
structed from the alternative datasets and plotted along with the data. Hindcasts demonstrate how well the model is
capable of capturing the broader dynamics of the data, as well as whether the parameter distributions produce appro-
priate levels of output uncertainty. A related quantitative check is the surprise index, which calculates the percentage
of data points located within a fixed predictive interval. For example, the 90% predictive interval should contain
approximately 90% of the data. More uncertainty than this reflects underconfidence, while less uncertainty reflects
overconfidence. This could be the result of priors that are not appropriately informative, or a likelihood that does not
account for correlations between data points appropriately. It could also be the result of a numerical model that isn’t
sufficiently sensitive to the parameters that are treated as uncertain.

A.8 Key Take-Home Points

When appropriate, UQ is an important component of the exploratory modeling workflow. While a number of parameter
sets could be consistent with observations, they may result in divergent model outputs when exposed to different future
conditions. This can result in identifying risks which are not visible when selecting a “best fit” parameterization.
Quantifying uncertainties also allows us to quantify the support for hypotheses, which is an essential part of the scientific
process.

Due to the scale and complexity of the experiments taking place in IM3, UQ has not been extensively used. The tradeoff
between the available number of function evaluations and the number of uncertain parameters illustrated in Fig. 1.1 is
particularly challenging due to the increasing complexity of state-of-the-art models and the movement towards coupled,
multisector models. This tradeoff can be addressed somewhat through the use of emulators and parallelizable methods.
In particular, when attempting to navigate this tradeoft by limiting the number of uncertain parameters, it is important
to carefully iterate with sensitivity analyses to ensure that critical parameters are identified.
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Specifying prior distributions and likelihoods is an ongoing challenge. Prior distributions, in particular, should be
treated as deeply uncertain when appropriate. One key advantage of the methods described in this chapter is that they
have the potential for increased transparency. When it is not possible to conduct a sensitivity analysis on a number
of critical priors due to limited computational budgets, fully specifying and providing a justification for the utilized
distributions allows other researchers to identify key assumptions and build on existing work. The same is true for
the specification of likelihoods—while likelihood-free methods avoid the need to specify a likelihood function, they
require other assumptions or choices, which should be described and justified as transparently as possible.

We conclude this appendix with some key recommendations: 1. UQ analysis does not require full confidence in priors
and likelihoods. Rather, UQ should be treated as part of an exploratory modeling workflow, where hypotheses related
to model structures, prior distributions, and likelihoods can be tested. 2. For complex multisectoral models, UQ will
typically require the use of a reduced set of parameters, either through emulation or by fixing the others to their best-fit
values. These parameters should be selected through a careful sensitivity analysis. 3. Avoid the use of supposedly “non-
informative” priors, such as uniform priors, whenever possible. In the absence of strong information about parameter
values, the use of weakly informative priors, such as diffuse normals, is preferable. 4. Be cognizant of the limitations
of conclusions that can be drawn by using each method. The bootstrap, for example, may result in overconfidence if the
dataset is limited and is not truly representative of the underlying stochastic process. 5. When using MCMC, Markov
chains can not be shown to have converged to the target distribution, but rather evidence can be collected to demonstrate
that it is likely that they have. 6. Conduct predictive checks based on the assumptions underlying the choices made in
the analysis, and iteratively update those choices if the assumptions prove to be ill-suited for the problem at hand.
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APPENDIX
B

JUPYTER NOTEBOOK TUTORIALS

B.1 Fishery Dynamics Tutorial

Note:

Run the tutorial interactively: Fishery Dynamics Notebook.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.

B.1.1 Tutorial: Sensitivity Analysis (SA) to discover factors shaping consequential
dynamics

This notebook demonstrates the application of sensitivity analysis to discover factors that shape the behavior modes of
a socio-ecological system with dynamic human action.

The system of differential equations below represent a system of prey (defined in the equation below as x) and predator
(defined as y) fish, with a human actor harvesting the prey fish. You can read more about this system at Hadjimichael
et al. (2020).

dz (1% azTy
—=bx(l— — 20
dt K y™ + ahx

dy cazTy
=7 dy
dt y™+ ahx

The table below defines the parameters in the system and also denotes the baseline and ranges associated with each
uncertain parameter.
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Parameter Description Unit Base value Minimum Maximum
a Rate at which the prey is available to the predator 1/time 0.005 0.002 2
b Prey growth rate 1/time 0.5 0.005 1
é Rate with which consumed prey is converted to s e 05 02 1
predator abundance
d Predator death rate 1/time 0.1 0.05 0.2
h Handling time (time each predator needs to consume — 01 0.001 1
the caught prey)
Prey carrying capacity .gl.ven its environmental thae* 2000 100 5000
conditions
m Predator interference parameter mass/mass” 0.7 0.1 L5
Standard deviation of stochastic noise in prey 24
a, , mass 0.004 0.001 0.01
’ population
, Standard deviation of stochastlc noise in predator — 0.004 0.001 0.01
population

*The units of these parameters depend on the units used to measure prey (x) and predator (y) abundance. If prey and predator abundance is measured in
volume then these units would equivalently change.

The system is simple but very rich in the dynamic behaviors it exhibits. This complexity is accompanied by the presence
of several equilibria that come in and out of existence with different parameter values. The equilibria also change in
their stability according to different parameter values, giving rise to different behavior modes as shown by the diverse
predator and prey abundace trajectories in the figure below.
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In the unharvested system (without the human actor) the stability of several of these equilibria can be derived analyti-
cally. The task becomes significantly more difficult when the adaptive human actor is introduced, deciding to harvest
the system at different rates according to their objectives and preferences.

Sensitivity analysis methods can help us identify the factors that most control these dynamics by exploring the space
of parameter values and seeing how system outputs change as a result.

Through previously conducted optimization, there already exists a set of potential harvesting strategies that were iden-
tified in pursuit of five objectives:

¢ Maximize Harvesting Discounted Profits (Net Present Value)
* Minimize Prey Population Deficit

* Minimize Longest Duration of Consecutive Low Harvest
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¢ Maximize Worst Harvest Instance

¢ Minimize Harvest Variance

The identified harvesting strategies also meet the necessary constraint of not causing inadvertent predator collapse.

We will be examining the effects of parametric uncertainty on these identified strategies, particularly focusing on two
strategies: one selected to maximize harvesting profits and one identified through previous analysis to perform ‘well
enough’ for all objectives across a wide range of states of the world (referred to as the ‘robust’ harvesting policy).

Let’s get started!

In this tutorial, we will be loading in data that has been produced in Hadjimichael et al. (2020). Before we start our
analysis, we’ll load the relevant Python libraries. NOTE: To step through the notebook, execute each gray (code) box

by typing “Shift+Enter”.

#Import necessary libraries

import msdbook

import numpy as np

import matplotlib.pyplot as plt

from SALib.sample import saltelli

from SALib.analyze import sobol

from matplotlib import patheffects as pe

# load example data
msdbook.install_package_data()

%matplotlib inline
%config InlineBackend.print_figure_kwargs

Downloading example data for msdbook version 0.
Unzipped: /srv/conda/envs/notebook/lib/python3.
—,params_bounds. txt

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy
Unzipped: /srv/conda/envs/notebook/lib/python3.
—delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—resultfile

Unzipped: /srv/conda/envs/notebook/lib/python3.
—heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—original_1000.txt

Unzipped: /srv/conda/envs/notebook/lib/python3.
—.pseudo_r_scores.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.
—CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.
—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—delta.npy

{'bbox_inches"' :None}

1.5...
7/site-packages/msdbook/data/uncertain_

7/site-packages/msdbook/data/sa_metric_sl1.
7/site-packages/msdbook/data/sa_vary_
7/site-packages/msdbook/data/sa_by_mth_s1.
7/site-packages/msdbook/data/solutions.
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/LHsamples_
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/param_values.
7/site-packages/msdbook/data/sa_by_yr_sl.
7/site-packages/msdbook/data/sa_by_mth_

(continues on next page)
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Unzipped: /srv/conda/envs/notebook/lib/python3.

qpseudo_r_scores .CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.

—days.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.

-.256samples.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

< heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—.delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

;»pseudo_r_scores .CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.
Unzipped: /srv/conda/envs/notebook/lib/python3.

—simulations_256samples.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.

—txt

(continued from previous page)

7/site-packages/msdbook/data/7000550_
7/site-packages/msdbook/data/collapse_
7/site-packages/msdbook/data/hymod_params_
7/site-packages/msdbook/data/sa_vary_sl.
7/site-packages/msdbook/data/7000550_
7/site-packages/msdbook/data/7200799_
7/site-packages/msdbook/data/sa_by_yr_
7/site-packages/msdbook/data/7200799_

7/site-packages/msdbook/data/LeafCatch.csv
7/site-packages/msdbook/data/hymod_

7/site-packages/msdbook/data/Robustness.

Step 1: Load identified solutions and explore performance

Here we load in the solution set obtained in Hadjimichael et al. (2020). The solution set contains the decision variables
and objectives associated with a variety of harvesting policies. For this tutorial, we focus on comparing two policies:
harvesting profits and one that performs robustly across all objectives. Below, we are reading in the decision variables
and objectives from an external file that can be found within the msdbook package data.

robustness = msdbook.load_robustness_data()
results = msdbook.load_profit_maximization_data()

robust_solution = np.argmax(robustness[:,-1]) #pick robust solution
profit_solution = np.argmin(results[:,6]) #pick profitable solution
objective_performance = -results[:,6:] #Retain objective values

# Get decision variables for each of the policies
highprofitpolicy = results[profit_solution,0:6]

mostrobustpolicy = results[robust_solution,0:6]

Next we plot the identified solutions with regards to their objective performance in a parallel axis plot

Tip: View the source code used to create this plot here: plot_objective_performance

ax, axl = msdbook.plot_objective_performance(objective_performance, profit_solution,..
—robust_solution)
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The solution set from the optimization in Hadjimichael et al. (2020) are presented in a parallel axis plot where each
of the five objectives (and one constraint) are represented as an axis. Each solution on the Pareto front is represented
as a line where the color of the line indicates the value of the NPV objective. The preference for objective values is
in the upward direction. Therefore, the ideal solution would be a line straight across the top of the plot that satisfies
every objective. However, no such line exists because there are tradeoffs when sets of objectives are prioritized over the
others. When lines cross in between axes, this indicates a tradeoff between objectives (as seen in the first two axes).The
solution that is most robust in the NPV objective has the highest value on the first axis and is outlined in dark gold. The
solution that is most robust across all objectives is outlined in a brighter yellow. A parallel axis is an effective visual to
characterize high-dimensional tradeoffs in the system and visualize differences in performance across policies.

Step 2: Use SALib to generate a sample for a Sobol sensitivity analysis

In Step 1, we showed how the optimized harvesting policies performed in the objective space, which utilized the baseline
parameters outlined in the table above. Now, we are interested in understanding how sensitive our two policies are to
alternative states of the world that may be characterized by different parameter values. To do so, we first need to define
the problem dictionary that allows us to generate these alternative states of the world.

# Set up SALib problem

problem = {
'num_vars': 9,
'names': ['a', 'b', 'c', 'd', 'h', 'K', 'm', 'sigmaX', 'sigmaY'],

'bounds': [[0.002, 2], [0.005, 1], [0.2, 1], [0.05, 0.2], [0.001, 1],
[100, 5000], [0.1, 1.5], [0.0601, 0.01], [0.001, 0.01]]

Then we use the following command to generate a Saltelli sample from these defined ranges:

param_values = saltelli.sample(problem, 1024, calc_second_order=False)

Generally, it is a good idea to save the result of the sample since it is often reused and regenerating it produces a different
sample set. For this reason, we will load one from file that was previously generated.
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# load previously generated Saltelli sample from our msdbook package data
param_values = msdbook.load_saltelli_param_values()

Step 3: Evaluate the system over all generated states of the world

Now we re-evaluate how well the policies do in the new states of the world. In order to characterize failure of a policy,
we identify the states where the predator population collapses, as an inadvertent consequence of applying the harvesting
strategy under a state of the world different from the one originally assumed. Due to how long this step takes to execute
within the tutorial, we will read in the solutions from an external file. However, the block of code below shows how
evaluation can be implemented.

# create array to store collapse values under both policies
collapse_days = np.zeros([len(param_values), 2])

# evaluate performance under every state
for i in range(len(param_values)):

additional_inputs = np.append(['Previous_Prey'],
[param_values[i, 0],
param_values[i, 1],
param_values[i,2],
param_values[i, 3],
param_values[i,4],
param_values[i,5],
param_values[i,6],
param_values[i,7],
param_values[i,8]])

collapse_days[i,0]=fish_gameChighprofitpolicy, additional_inputs)[1][0]
collapse_days[i, 1]=fish_game(mostrobustpolicy, additional_inputs)[1][0]

# load the simulation data from our msdbook package data
collapse_days = msdbook.load_collapse_data()

Step 4: Calculate sensitivity indices

Now we use a Sobol sensitivity analysis to calculate first-order, second-order, and total-order sensitivity indices for each
parameter and for each of the two policies. These indicies help determine which factors explain the most variability in
the number of days of predator population collapse.

#Perform the Sobol SA for the profit-maximizing solution

Si_profit = sobol.analyze(problem, collapse_days[:, 0],
calc_second_order=False,
conf_level=0.95,
print_to_console=True)

#Perform the Sobol SA for the robust solution

Si_robustness = sobol.analyze(problem,
collapse_days[:, 1],
calc_second_order=False,

(continues on next page)
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conf_level=0.95,
print_to_console=True)

ST ST_conf
a 0.226402 0.036146
b 0.066819 0.013347
C 0.004395 0.004023
d 0.024509 0.006993
h 0.009765 0.005488
K 0.020625 0.009494
m 0.897971 0.066470
sigmaX 0.000136 0.000149
sigmaY 0.000739 0.001040

S1 S1_conf
a 0.087936 0.044236
b 0.000554 0.021474
C -0.002970 0.004590
d 0.001206 0.015881
h 0.004554 0.007998
K 0.003843 0.012661
m 0.751301 0.071862
sigmaX -0.000325 0.001245
sigmaY -0.001887 0.002768

Looking at the total-order indices, (ST) factors m, a, b, d and K explain a non-negligible amount of variance therefore
have an effect on the stability of this system. Looking at the first-order indices (S1), we also see that besides factors m
and a, all other factors are important in this system through their interactions, which make up the difference between
their S1 and ST indices. This shows the danger of limiting sensitivity analyses to first order effects, as factor importance
might be significantly misjudged.

These findings are supported by the analytical condition of equilibrium stability in this system:

a(hK)Y™ < (b)™

In an unharvested system, this condition is both necessary and sufficient for the equilibrium of the two species coexisting
to be stable.

When adaptive human action is introduced however, this condition is still necessary, but no longer sufficient, as har-
vesting reduces the numbers of prey fish and as a result reduces the resources for the predator fish. Since this harvesting
value is not constant, but can dynamically adapt according to the harvester’s objectives, it cannot be introduced into
this simple equation.
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Step 5: Explore relationship between uncertain factors and performance

In the following steps, we will use the results of our sensitivity analysis to investigate the relationships between para-
metric uncertainty, equilibrium stability and the performance of the two policies.

We can use the top three factors identified (m, a, and b) to visualize the performance of our policies in this three-
dimensional parametric space.

We first define the stability condition, as a function of b and m, and calculate the corresponding values of a.

def inequality(b, m, h, K):
return ((b**m)/Ch*K)**(1-m))

boundary interval that separates successful and failed states of the world
np.linspace(start=0.005, stop=1, num=1000)

np.linspace(start=0.1, stop=1.5, num=1000)

np.linspace(start=0.001, stop=1, num=1000)

np.linspace(start=100, stop=2000, num=1000)
m = np.meshgrid(b, m)

inequality(b, m, h, K)

a.clip(0,2)

O T ARDPD B T %
1l

Tip: View the source code used to create this plot here: plot_factor_performance

# generate plot
axl, ax2 = msdbook.plot_factor_performance(param_values, collapse_days, b, m, a)
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These figures show the combinations of factors that lead to success or failure in different states of the world for the profit-
maximizing and robust policies. Each point is a state of the world, characterized by specific values of the parameters,
and ideally, we would like the color of the point to be blue, to represent that there are a low number of days with a
predator collapse in that world. The gray curve denotes the highly non-linear nature of the boundary, defined by the
stability condition, that separates successful and failed states of the world. The figures demonstrate the following key
points:
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First, as asserted above, the policies interact with the system in different and complex ways. In the presence of human
action, the stability condition is not sufficient in determining whether the policy will succeed, even though it clearly
shapes the system in a fundamental manner.

Secondly, the robust policy manages to avoid collapse in many more of the sampled states of the world, indicated by
the number of blue points. The robust policy avoids collapse in 31% of worlds versus 14% in the profit-maximizing
policy.This presents a clear tradeoff between profit-maximizing performance androbustness against uncertainty.

Tips to Apply Sobol SA and Scenario Discovery to your Problem

In this tutorial, we demonstrated a Sobol SA to identify the most important factors driving the behavior of a system
(i.e. the number of the collapse days). In order to apply this methodology to your problem, you will need to have a set
of optimized policies for your system that you are interested in analyzing. The general workflow is as follows:

1. Choose sampling bounds for your parameters and set up the problem dictionary as in Step 2 above.
2. Generate samples, or alternative states of the world using the saltelli.sample function.

3. Evaluate your policies on the alternative states of the world. For your application, you will also need to develop
a rule for determining success or failure of your policy in a new SOW. In this tutorial, success was denoted by a
small number of collapse days. Ultimately, the rule will be specific to your application and can include various
satisficing criteria.

4. Calculate the Sobol indices and discover the most important parameters driving success and failure.

5. Finally, use a similar plotting procedure as in step 5 to identify the combination of parameter values that lead to
success and failure in the system.

B.2 Sobol SA Tutorial

Note:

Run the tutorial interactively: Sobol SA Tutorial.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.

B.2.1 Tutorial: Sensitivity Analysis (SA) using the Saltelli sampling scheme with
Sobol SA

In this tutorial, we will set up a workflow to investigate how sensitive the output of a function is to its inputs. Why
might you want to do this? Imagine that this function represents a complex system, such as the rainfall-runoff process
of a watershed model, and that you, the researcher, want to investigate how your choice of input parameter values
are affecting the model’s characterization of runoff in the watershed. Your parameter values are likely uncertain and
can take on any value in a pre-defined range. Using a Sobol SA will allow you to sample different values of your
parameters and calculate how sensitive your output of interest is to certain parameters. Below, we demonstrate Sobol
SA for a simple function to illustrate the method, but the workflow can be applied to your own problem of interest!

In order to conduct this analysis, we will use the popular Python Sensitivity Analysis Library (SALib) to:

1. Generate a problem set as a dictionary for our Ishigami function that has three inputs
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2. Generate 2048 samples for our problem set using the Saltelli'” sampling scheme
3. Execute the Ishigami function for each of our samples and gather the outputs
4. Compute the sensitivity analysis to generate first-order and total-order sensitivity indices using the Sobol® method

5. Interpret the meaning of our results

Let’s get started!

NOTE: Content from this tutorial is taken directly from the SALib “Basics” walkthrough. To step through the notebook,
execute each gray (code) box by typing “Shift+Enter”.

#Import relevant libraries
import numpy as np

import matplotlib.pyplot as plt
from mpl_toolkits import mplot3d

from SALib.sample import saltelli

from SALib.analyze import sobol
from SALib.test_functions import Ishigami

Step 1: Generate the problem dictionary
The Ishigami function is of the form:
f(x1, 20, 23) = sin(x1) + asin®(x2) + bajsin(z;)

The function has three inputs, 1, 2, 3 where [, ]. The constants a and b are defined as 7.0 and 0.1 respectively.

#Create a problem dictionary. Here we supply the number of variables, the names of each.
—variable, and the bounds of the variables.

problem = {
'num_vars': 3,
'mames': ['x1', 'x2', 'x3'],

"bounds': [[-3.14159265359, 3.14159265359],
[-3.14159265359, 3.14159265359],
[-3.14159265359, 3.14159265359]]

I Saltelli, A. (2002). “Making best use of model evaluations to compute sensitivity indices.” Computer Physics Communications, 145(2):280-
297, doi:10.1016/S0010-4655(02)00280-1.

2 Saltelli, A., P. Annoni, I. Azzini, F. Campolongo, M. Ratto, and S. Tarantola (2010). “Variance based sensitivity analysis of model output.
Design and estimator for the total sensitivity index.” Computer Physics Communications, 181(2):259-270, doi:10.1016/j.cpc.2009.09.018.

3 Sobol, I. M. (2001). “Global sensitivity indices for nonlinear mathematical models and their Monte Carlo estimates.” Mathematics and Com-
puters in Simulation, 55(1-3):271-280, doi: 10.1016/S0378-4754(00)00270-6.
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Step 2: Generate samples using the Saltelli sampling scheme

Sobol SA requires the use of the Saltelli sampling scheme. The output of the saltelli.sample function is a NumPy
array that is of shape 2048 by 3. The sampler generates (2+2) samples, where in this example, N is 256 (the ar-
gument we supplied) and D is 3 (the number of model inputs), yielding 2048 samples. The keyword argument
calc_second_order=False will exclude second-order indices, resulting in a smaller sample matrix with (+2) rows

instead. Below, we plot the resulting Saltelli sample.

#Generate parmeter values using the saltelli.sample function
param_values = saltelli.sample(problem, 256)

print(f" param_values  shape: {param_values.shape}")

param_values shape: (2048, 3)

#Plot the 2048 samples of the parameters

fig = plt.figure(figsize = (7, 5))

ax = plt.axes(projection ="3d")

ax.scatter3D(param_values[:,0], param_values[:,1], param_values[:,2])
ax.set_xlabel('X1 Parameter')

ax.set_ylabel('X2 Parameter')

ax.set_zlabel('X3 Parameter')

plt.title("Saltelli Sample of Parameter Values'")

plt.show()

Saltelli Sample of Parameter Values

X3 Parameter
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Step 3: Execute the Ishigami function over our sample set

SALib provides a nice wrapper to the Ishigami function that allows the user to directly pass the param_values array
we just generated into the function directly.

Y = Ishigami.evaluate(param_values)

Step 4: Compute first-, second-, and total-order sensitivity indices using the Sobol method

The sobol.analyze function will use our problem dictionary and the result of the Ishigami runs (Y) to compute first-,
second-, and total-order indicies.

Si = sobol.analyze(problem, Y)

Si is a Python dict with the keys “S17, “S2”, “ST”, “S1_conf”, “S2_conf”’, and “ST_conf’. The _conf keys
store the corresponding confidence intervals, typically with a confidence level of 95%. Use the keyword argument
print_to_console=True to print all indices. Or, we can print the individual values from Si as shown in the next
step.

Step 5: Interpret our results

We execute the following code and take a look at our first-order indices (S1) for each of our three inputs. These indicies
can be interpreted as the fraction of variance in the output that is explained by each input individually.

first_order = Si['S1']

print('First-order: ')
print(f"x1: {first_order[0]}, x2: {first_order[1]}, x3: {first_order[2]}")

First-order:
x1: 0.3184242969763115, x2: 0.4303808201623416, x3: 0.022687722804980225

If we were to rank the importance of the inputs in how much they individually explain the variance in the output, we
would rank them from greatest to least importance as follows: 2, 1 and then 3. Since 3 only explains 2% of the output
variance, it does not explain output variability meaningfully. Thus, this indicates that there is contribution to the output
variance by 2 and 1 independently, whereas 3 does not contribute to the output variance. Determining what inputs
are most important or what index value is meaningful is a common question, but one for which there is no general
rule or threshold. This question is problem and context-dependent, but procedures have been identified to rank order
influential inputs and which can be used to identify the least influential factors. These factors can be fixed to simplify
the model**°.

Next, we evaluate the total-order indices, which measure the contribution to the output variance caused by varying the
model input, including both its first-order effects (the input varying alone) and all higher-order interactions across the
input parameters.

4 T. H. Andres, “Sampling methods and sensitivity analysis for large parameter sets,” Journal of Statistical Computation and Simulation, vol. 57,
no. 1-4, pp. 77-110, Apr. 1997, doi: 10.1080/00949659708811804.

5 Y. Tang, P. Reed, T. Wagener, and K. van Werkhoven, “Comparing sensitivity analysis methods to advance lumped watershed model identifi-
cation and evaluation,” Hydrology and Earth System Sciences, vol. 11, no. 2, pp. 793-817, Feb. 2007, doi:10.5194/hess-11-793-2007.

6 J. Nossent, P. Elsen, and W. Bauwens, “Sobol’ sensitivity analysis of a complex environmental model,” Environmental Modelling & Software,
vol. 26, no. 12, pp. 1515-1525, Dec. 2011, doi:10.1016/j.envsoft.2011.08.010.
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total_order = Si['ST']

print('Total-order:")
print(£f"x1: {total_order[0]}, x2: {total_order[1]}, x3: {total_order[2]}")

Total-order:
x1: 0.5184119098161343, x2: 0.41021260250026054, x3: 0.2299058431439953

The magnitude of the total order indices are substantially larger than the first-order indices, which reveals that higher-
order interactions are occurring, i.e. that the interactions across inputs are also explaining some of the total variance
in the output. Note that 3 has non-negligible total-order indices, which indicates that it is not a consequential param-
eter when considered in isolation, but becomes consequential and explains 25% of variance in the output through its
interactions with 1 and 2.

Finally, we can investigate these higher order interactions by viewing the second-order indices. The second-order
indicies measure the contribution to the output variance caused by the interaction between any two model inputs.
Some computing error can appear in these sensitivity indices, such as negative values. Typically, these computing
errors shrink as the number of samples increases.

second_order = Si['S2']

print("Second-order:")

print(f"x1-x2: second_order([0,1]}")
print(£f"x1-x3: second_order[0,2]}")
print(£f"x2-x3: second_order([1,2]}")

Second-order:

x1-x2: -0.043237389723234154
x1-x3: 0.17506452088709862
x2-x3: -0.03430682392607577

We can see that there are strong interactions between 1 and 3. Note that in the Ishigami function, these two variables
are multiplied in the last term of the function, which leads to interactive effects. If we were considering first order
indices alone, we would erroneously assume that 3 explains no variance in the output, but the second-order and total
order indices reveal that this is not the case. It’s easy to understand where we might see interactive effects in the case of
the simple Ishigami function. However, it’s important to remember that in more complex systems, there may be many
higher-order interactions that are not apparent, but could be extremely consequential in explaining the variance of the
output.

Tips to Apply Sobol SA to Your Own Problem

In this tutorial, we demonstrated how to apply an SA analysis to a simple mathematical test function. In order to apply
a Sobol SA to your own problem, you will follow the same general workflow that we defined above. You will need to:

1. Choose sampling bounds for your parameters and set up the problem dictionary as in Step 1 above.

2. Generate samples using the saltelli.sample function. This step is problem-dependent and note that the
Sobol method can be computationally intensive depending on the model being analyzed. For example, for a
simple rainfall-runoff model such as HYMOD, it has been recommended to run a sample size of at least N =
10,000 (which translates to 60,000 model runs). More complex models will be slower to run and will also require
more samples to calculate accurate estimates of Sobol indices. Once you complete this process, pay attention to
the confidence bounds on your sensitivity indices to see whether you need to run more samples.
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3. Run the parameter sets through your model. In the example above, the Ishigami function could be evaluated
through SALIb since it is a built in function. For your application, you will need to run these parameter sets
through the problem externally and save the output. The output file should contain one row of output values for
each model run.

4. Calculate the Sobol indices. Now, the Y will be a numpy array with your external model output and you will
need to include the parameter samples as an additional argument.

5. Finally, we interpet the results. If the confidence intervals of your dominant indices are larger than roughly 10%
of the value itself, you may want to consider increasing your sample size as computation permits. You should
additionally read the references noted in Step 5 above to understand more about identifying important factors.

B.3 Logistic Regression Tutorial

Note:

Run the tutorial interactively: Logistic Regression Tutorial.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.

B.3.1 Tutorial: Logistic Regression for Factor Mapping

This tutorial replicates a scenario discovery analysis performed in Hadjimichael et al. (2020).

Background

Planners in the the Upper Colorado River Basin (UCRB, shown in the figure below) are seeking to understand the vul-
nerability of water users to uncertainties stemming from climate change, population growth and water policy changes.
The UCRB spans 25,682 km?2 in western Colorado and is home to approximately 300,000 residents and 1,012 km2
of irrigated land. Several thousand irrigation ditches divert water from the main river and its tributaties for irrigation
(shown as small black dots in the figure). Transmountain diversions of approximately 567,400,000 m3 per year are
exported for irrigation, industrial and municipal uses in northern and eastern Colorado, serving the major population
centers of Denver and Colorado Springs. These diversions are carried through tunnels, shown as large black dots in
the figure.
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An important planning consideration is the water rights of each user, defined by seniority across all water uses (ir-
rigation diversions, transboundary diversions, power plants etc.) in the basin. To assess the vulnerability of users
with varying degrees of water rights seniority, planners simulate the system across an ensemble of scenarios using the
state of Colorado’s StateMod platform. The model simulates streamflow, diversions, instream demands, and reservoir
operations.

Hadjimichael et al. (2020) employ an exploratory analysis by simulating a large ensemble of plausible scenarios using
StateMod and then identifying consequential decision-relevant combinations of uncertain factors, termed scenario dis-
covery. Focusing on decision-relevant metrics (metrics that are important to the user, the scenario discovery is applied
to the water shortages experienced by each individual user (i.e., not on a single basin-wide or sector-wide metric). For
this training example, we’ll be performing scenario discovery for three different water users: two irrigation users and
one municipal user.

Let’s get started!

In this tutorial, we will be loading in data that has been produced in Hadjimichael et al. (2020). Before we start our
analysis, we’ll load the relevant Python libraries, example data, and information for the three users.

#import libraries

import msdbook

import numpy as np

import pandas as pd

import matplotlib as mpl

import matplotlib.pyplot as plt

# load example data from Hadjimichael et al. (2020)
msdbook.install_package_data()

(continues on next page)
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# Select the IDs for the three users that we will perform the analysis for

all_IDs = ['7000550','7200799', '3704614"']
usernames = ['Medium seniority irrigation',
'Low seniority irrigation',
'"Transbasin municipal diversion']
nStructures = len(all_IDs)

Downloading example data for msdbook version 0.
Unzipped: /srv/conda/envs/notebook/lib/python3.

—params_bounds. txt
Unzipped: /srv/conda/envs/notebook/lib/python3

—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—.delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—resultfile

Unzipped: /srv/conda/envs/notebook/lib/python3.

—heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—original_1000.txt

Unzipped: /srv/conda/envs/notebook/lib/python3.

Hpseudo_r_scores .CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.

—~CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—.delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

:ﬂpseudo_r_scores .CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.

—days.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.

—256samples.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

< heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

—delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.

%pseudo_r_scores .CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.
Unzipped: /srv/conda/envs/notebook/lib/python3.

—simulations_256samples.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.

—txt

1.5...
7/site-packages/msdbook/data/uncertain_

.7/site-packages/msdbook/data/sa_metric_s1.

7/site-packages/msdbook/data/sa_vary_
7/site-packages/msdbook/data/sa_by_mth_s1.
7/site-packages/msdbook/data/solutions.
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/LHsamples_
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/param_values.
7/site-packages/msdbook/data/sa_by_yr_sl.
7/site-packages/msdbook/data/sa_by_mth_
7/site-packages/msdbook/data/7000550_
7/site-packages/msdbook/data/collapse_
7/site-packages/msdbook/data/hymod_params_
7/site-packages/msdbook/data/sa_vary_sl.
7/site-packages/msdbook/data/7000550_
7/site-packages/msdbook/data/7200799_
7/site-packages/msdbook/data/sa_by_yr_
7/site-packages/msdbook/data/7200799_

7/site-packages/msdbook/data/LeafCatch.csv
7/site-packages/msdbook/data/hymod_

7/site-packages/msdbook/data/Robustness.
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Step 1: Load Latin hypercube sample and set up problem

To examine regional vulnerability, we generate an ensemble of plausible future states of the world (SOWs) using Latin
Hypercube Sampling. For this tutorial, we’ll load a file containing 1,000 samples across 14 parameters. The sam-
pled parameters encompass plausible changes to the future state of the basin, including changes to hydrology, water
demands (irrigation, municipal & industry, transbasin), and institutional and environmental factors (environmental
flows, reservoir storage, operation of the Shoshone Power Plant). These samples are taken from ranges identified in
param_bounds. Below we load in the 1000 samples, the range of values that the samples can take for each parameter,
and the parameter names. More information on what each parameter constitutes can be found in Table 1 of Hadjimichael
et al., 2020.

#Identify the bounds for each of the 14 parameters
param_bounds = msdbook.load_basin_param_bounds()

#Load in the parameter samples
LHsamples = msdbook.load_lhs_basin_sample()

#Create an array of the parameter names
param_names=['Irrigation demand multiplier', 'Reservoir loss', 'Transbasin demand..
—multiplier',
'"Municipal & industrial multiplier', 'Shoshone','Environmental flows',
'Evaporation change', 'Mean dry flow', 'Dry flow variance',
'Mean wet flow', 'Wet flow variance', 'Dry-dry probability',
'Wet-wet probability', 'Snowmelt shift']

Step 2: Define decision-relevant metrics for illustration

Scenario discovery attempts to identify parametric regions that lead to ‘success’ and ‘failure’. For this demonstration
we’ll be defining ‘success’ as states of the world where a shortage level doesn’t exceed its historical frequency.

Step 3: Run the logistic regression

Logistic regression estimates the probability that a future SOW will be classified as a success or failure given a set of
performance criteria. A logistic regression model is defined by:

ln( Bi ):XiTﬁ
1—p;

where p; is the probability the performance in the " SOW will be classified as a success, X is the vector of covariates
describing the i'” SOW, and £ is the vector of coefficients describing the relationship between the covariates and the
response, which here will be estimated using maximum likelihood estimation.

A logistic regression model was fit to the ensemble of SOWs using the performance criteria defined in step 2. Logistic
regression modeling was conducted using the Statsmodel Python package. The data required for the full analysis is too
large to include in this tutorial, but results can be found in the data file loaded below.

The results files contain the occurence of different shortage frequency and magnitude combinations under the experi-
ment, in increments of 10, between 0 and 100. These combinations (100 for each user) are alternative decision-relevant
metrics that can be used for scenario discovery.

# Set arrays for shortage frequencies and magnitudes
frequencies = np.arange(10, 110, 10)
magnitudes = np.arange(10, 110, 10)

(continues on next page)
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realizations = 10

# Load performance and pseudo r scores for each of the users
results = [msdbook.load_user_heatmap_array(all_IDs[i]) / 100 for i in range(len(all_
—1IDs))]

Step 4: Factor ranking

To rank the importance of each uncertain factor, we utilize McFadden’s psuedo-R2, a measure that quantifies the
improvement of the model when utilizing each given predictor as compared to prediction using the mean of the data
set:
_ l nL(M full)

lnL(Mintercept)

2
RMcFadden -

Here lnﬁ(M #ui1) is the log likelihood of the full model (including the predictor) and lnﬁ(Mmtemept) is the log like-
lihood of the intercept model (which predicts the mean probability of success across all SOWs).

Higher values of McFadden’s psuedo-R2 indicate higher factor importance (when the likelihood of the full model
approaches one, the ratio of the likelihood of the full model compared to the intercept model will get very small).

#Load the pseudo-RA2 scores
scores = [msdbook.load_user_pseudo_scores(all_IDs[i]) for i in range(len(all_IDs))]

# Select indices of frequency and magnitudes that will be used for the visualization
freq = [1,0,0]
mag = [7,3,7]

Step 5: Draw factor maps

The McFadden’s psuedo-R2 scores files contain preliminary logistic regression results on parameter importance for
each of these combinations. Using these psuedo-R2 scores we will identify the two most important factors for each
metric which we’ll use to generate the final scenario discovery maps (note: there may be more than two important
metrics for each user, but here we will demonstrate by mapping two).

# setup figure
fig, axes = plt.subplots(3,1, figsize=(6,18), tight_layout=True)
fig.patch.set_facecolor('white")

for i in range(len(axes.flat)):
ax = axes.flat[i]

allSOWsperformance = results[i]
all_pseudo_r_scores = scores[i]

# construct dataframe

dta = pd.DataFrame(data=np.repeat(LHsamples, realizations, axis = 0), columns=param_
—hames)

dta['Success'] = allSOWsperformance[freq[i],mag[i], :]

(continues on next page)
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pseudo_r_scores = all_pseudo_r_scores[str(frequencies[freq[i]])+'yrs_
— "+str(magnitudes[mag[i]])+"'prc'].values

top_predictors = np.argsort(pseudo_r_scores)[::-1][:2] #Sort scores and pick top 2.
—predictors

# define color map for dots representing SOWs in which the policy
# succeeds (light blue) and fails (dark red)
dot_cmap = mpl.colors.ListedColormap(np.array([[227,26,28],[166,206,227]1])/255.0)

# define color map for probability contours
contour_cmap = mpl.cm.get_cmap('RdBu')

# define probability contours
contour_levels = np.arange(0.0, 1.05,0.1)

# define base values of the predictors

SOW_values = np.array([1,1,1,1,0,0,1,1,1,1,1,0,0,0]) # default parameter values for.
—base SOW

base = SOW_values[top_predictors]

ranges = param_bounds[top_predictors]

# define grid of x (Ist predictor), and y (2nd predictor) dimensions
# to plot contour map over
xgrid = np.arange(param_bounds[top_predictors[0]][0],
param_bounds[top_predictors[0]][1], np.around((ranges[0][1]-
—ranges[0][0])/500,decimals=4))
ygrid = np.arange(param_bounds[top_predictors[1]][0],
param_bounds[top_predictors[1]][1], np.around((ranges[1][1]-
—ranges[1][0])/500,decimals=4))
all_predictors = [ dta.columns.tolist()[i] for i in top_predictors]
dta[ 'Interaction'] = dtal[all_predictors[0]]*dtal[all_predictors[1]]

# logistic regression here
predictor_list = [all_predictors[i] for i in [0,1]]
result = msdbook.fit_logit(dta, predictor_list)

# plot contour map
contourset = msdbook.plot_contour_map(ax, result, dta, contour_cmap,
dot_cmap, contour_levels, xgrid,
ygrid, all_predictors[0], all_predictors[1],.
—base)

ax.set_title(usernames[i])

# set up colorbar

cbar_ax = fig.add_axes([0.98, 0.15, 0.05, 0.7])

cbar = fig.colorbar(contourset, cax=cbar_ax)
cbar_ax.set_ylabel ('Probability of Success', fontsize=16)
cbar_ax.tick_params(axis="y', which='major', labelsize=12)

/srv/conda/envs/notebook/lib/python3.7/site-packages/statsmodels/base/model.py:127: .

—ValueWarning: unknown kwargs ['disp']
(continues on next page)
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warnings.warn(msg, ValueWarning)

Optimization terminated successfully.
Current function value: 0.378619
Iterations 8

Optimization terminated successfully.
Current function value: 0.397285
Iterations 8

Optimization terminated successfully.
Current function value: 0.377323
Iterations 8

(continued from previous page)
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The figure above demonstrates how different combinations of the uncertain factors lead to success or failure in different
states of the world, which are denoted by the blue and red dots respectively. The probability of success and failure are
further denoted by the contours in the figure. Several insights can be drawn from this figure.

First, using metrics chosen to be decision-relevant (specific to each user) causes different factors to be identified as most
important by this scenario-discovery exercise (the x- and y-axes for each of the subplots). In other words, depending
on what the decision makers of this system want to prioritize they might choose to monitor different uncertain factors
to track performance.

Second, in the top panel, the two identified factors appear to also have an interactive effect on the metric used (shortages
of a certain level and frequency in this example). In terms of scenario discovery, the Patient Rule Induction Method
(PRIM) or Classification And Regression Trees (CART) would not be able to delineate this non-linear space and would
therefore misclassify parameter combinations as ‘desirable’ when they were in fact undesirable, and vice versa.

Lastly, logistic regression also produces contours of probability of success, i.e. different factor-value combinations are
assigned different probabilities that a shortage level will be exceeded. This allows the decision makers to evaluate these
insights while considering their risk aversion.

Tips to Apply Scenario Discovery to Your Own Problem

In this tutorial, we demonstrated how to perform a scenario discovery analysis for three different users in the UCRB. The
analysis allowed us to determine which parameters the users would be most affected by and to visualize how different
ranges of these parameters lead to success and failure for different users. This framework can be applicable to any other
application where it is of interest to characterize success and failure based on uncertain parameter ranges. In order to
apply the same framework to your own problem:

1. Choose sampling bounds for your parameters of interest, which will represent uncertainties that characterize your
system.

2. Generate samples for these parameters (this can be done using the saltelli.sample function or externally).

3. Define what constitutes success and failure in your problem. In this tutorial, success was defined based on not
surpassing the historical drought frequency. Choose a metric that is relevant to your problem and decision-makers
that might be involved. If your model involves an optimization, you can also define metrics based on meeting
certain values of these objectives.

4. Run the parameter sets through your model and calculate success and failure based on your metrics and across
different users if applicable. This step will allow you to create the scatter plot part of the final figure.

5. If it is of interest, the contours on the figure can be created by fitting the logistic regression model in a similiar
manner as denoted in Steps 3 and 5 of the tutorial.

B.4 HYMOD Dynamics Tutorial

Note:

Run the tutorial interactively: HYMOD Notebook.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.
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B.4.1 Tutorial: Sensitivity Analysis of the HYMOD Model

The purpose of this tutorial is to demonstrate the global sensitivity analysis concepts and tools established in the Section
3.1 of the main text of this eBook. This demonstration will highlight the central role of design of experiments (Section
3.3), when implementing global sensitivity analysis tools described in Section 3.4.

We’ll explore these tools and concepts using the HYdrological MODel (HYMOD), a rainfall-runoff model developed
and used for river flow forecasting. HYMOD was chosen for demonstration because its purpose is to abstract highly
complex and non-linear systems. The methods demonstrated in thistutorial can be applied to numerical models that
simulate other complex non-linear systems.

This tutorial will first introduce HYMOD and use it to simulate streamflows in a river basin. Next, we’ll employ
sensitivity analysis concepets described in Section 3 of the main text to examine how values of HYMOD’s parameters
impact streamflow predictions. We’ll then explore how the effects of these parameters may change over time using time-
varying sensitivtiy analysis. Finally, we’ll demonstrate concepts presented in Chapter 7 through two ensemble-based
methods of uncertainty quantification - Generalized Likelihood Uncertainty Estimation (GLUE) and Pre-Calibration.

The tutorial includes the following steps:

1.1 - Introduction to a simple hydrologic model (HYMOD)
1.2 - Input Data

1.3 - Running a basic simulation

1.4 - Model outputs

2.1 - Design of Experiments

2.2 - Sensitivity analysis for one output

2.3 - Sensitivity analysis across multiple outputs

2.4 - Time-varying sensitivity analysis

B.4.2 1 - Introduction to HYMOD

1.1 Overview

HYMOD is a hydrologic model (rainfall-runoff model) that simulates key hydrologic fluxes such as infiltration, stream-
flow and evapotranspiration. The model was originally developed and used for river flow forecasting, but it has also
been been used to explore different sensitivity analysis (e.g., Herman et al., 2013), uncertainty quantification (e.g.,
Smith et al., 2008), and optimization (e.g., Ye et al., 2014) concepts.

HYMOD accepts two inputs - daily precepitation and daily potential evapotranspiration (PET)- and generates predici-
tons of daily streamflow. HYMOD abstracts the highly non-linear process of runoff routing by dividing the flow into two
components: quick flow, representing precipitation that quickly runs off the surface of the watershed into the stream,
and slow flow, that moves through the soil and takes much longer to arrive at the stream.

To generate streamflow predictions, HYMOD first models vertical processes within the watershed to determine how
much water infiltrates and evaporates from the soil at a given time step. It then determines how much water should be
partitioned into quick flow and slow flow processes. Within each process it abstracts residence time (the time it takes
a unit volume of water to move through the watershed and into the stream) using a series of “reservoirs” each with a
calibrated residence time.

HYMOD’s representation of hydrologic processes are shown Figure 1 below and controlled by the following parame-
ters:

H,.: the maximum water storage capacity of the soil (mm)

Be.p: parameters describing the degree of spatial variability within the basin between 0 and Huz
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Alp: Fraction of runoff contributing to quick flow
K ,: Quick flow residence time of linear infinite reservoir (the Kq values of all three linear reservoirs are the same)

K Slow flow residence time of linear infinite reservoir

Precipitation (PP) Quick Flow
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Evapotranspiration
(ET)

\ GO
Kq Kq Kq
HI.!Z
Slow Flow = Streamflow
XH,, 1-Alp ‘ (Qq)
o
Qs
Ks
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(Soil Moisture accounting) (Routing)

HYMOD models the fraction of water that is stored in the soil (F'(X H,,.)) using the following relationship:
XHue

uz

F(XH,.) =1—(1-

where X H,,, is the water storage capacity of the soil; H,,, is the parameter describing basin maximum water storage
capacity (mm); and B is the parameter describing the degree of spatial variability within the basin.

The portion of precipitation that exceeds the water storage capacity is treated as runoft.

To route runoff to streamflow, the excess runoff from the vertical processes is split into quick flow and slow flow. The
proportion of runoff partitioned into quick flow and slow flow is determined by a parameter Alp, which ranges between
0 and 1. Quick flow is routed through N identical quick flow tanks Q1, Q2...Q N (shown above as N = 3). The rate
at which runoff moves through the quick flow system is described by the residence time of the quick frlow tanks, K¢
(day). Slow flow is routed through a parallel slow flow tank and the rate at which slow flow is routed is described by
the slow flow residences time, K's (day).

Citation: Wagener, T., Boyle, D. P., Lees, M. J., Wheater, H. S., Gupta, H. V., & Sorooshian, S. (2001). A framework
for development and application of hydrological models. Hydrology and Earth System Sciences, 5(1), 13-26.

1.2 Input data

The HYMOD model only requires precipitation and potential evapotranspiration as inputs. For this example, we’ll run
HYMOD using data from the Leaf River, a humid catchment located north of Collins Mississippi that has been widely
used to explore HYMOD. The dataset also includes daily observed runoff that we later use to evaluate the performace
of each sensitvity analysis sample set.

In the following section of code, we’ll load the necessary python libraries and read in the input file. For this exercise
we’ll only use the first eleven years of data. The first five rows of the input dataset are printed to show what they look
like:

import msdbook

import numpy as np

(continues on next page)
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import pandas as pd
import seaborn as sns

from sklearn import metrics
from matplotlib import pyplot as plt

# load example data
msdbook.install_package_data()

# load the Leaf River HYMOD input file
leaf_data = msdbook.load_hymod_input_file()

# extract the first eleven years of data
leaf_data leaf_data.iloc[0:4015].copy()

print('Leaf River Data structure:')

(continued from previous page)

# There are only three columns in the file including precipitation, potential.,

—,evapotranspiration and streamflow

leaf_data.head()

Downloading example data for msdbook version 0.
Unzipped: /srv/conda/envs/notebook/lib/python3.
—»params_bounds. txt

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy
Unzipped: /srv/conda/envs/notebook/lib/python3.
—.delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—resultfile

Unzipped: /srv/conda/envs/notebook/lib/python3.
—-heatmap.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—original_1000.txt

Unzipped: /srv/conda/envs/notebook/lib/python3.
—.pseudo_r_scores.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.
-, CSV

Unzipped: /srv/conda/envs/notebook/lib/python3.

—npy
Unzipped: /srv/conda/envs/notebook/lib/python3.
—.delta.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
—.pseudo_r_scores.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.
—days.csv

Unzipped: /srv/conda/envs/notebook/lib/python3.
—256samples.npy

Unzipped: /srv/conda/envs/notebook/lib/python3.
~npy

1.5...
7/site-packages/msdbook/data/uncertain_

7/site-packages/msdbook/data/sa_metric_sl1.
7/site-packages/msdbook/data/sa_vary_
7/site-packages/msdbook/data/sa_by_mth_s1.
7/site-packages/msdbook/data/solutions.
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/LHsamples_
7/site-packages/msdbook/data/3704614_
7/site-packages/msdbook/data/param_values.
7/site-packages/msdbook/data/sa_by_yr_sl.
7/site-packages/msdbook/data/sa_by_mth_
7/site-packages/msdbook/data/7000550_
7/site-packages/msdbook/data/collapse_
7/site-packages/msdbook/data/hymod_params_

7/site-packages/msdbook/data/sa_vary_sl.

(continues on next page)
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(continued from previous page)
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/7000550_
—heatmap .npy
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/7200799_
< heatmap.npy
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/sa_by_yr_
—.delta.npy
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/7200799_
—pseudo_r_scores.csv
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/LeafCatch.csv
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/hymod_
—simulations_256samples.csv
Unzipped: /srv/conda/envs/notebook/lib/python3.7/site-packages/msdbook/data/Robustness.
—txt
Leaf River Data structure:

To visualize catchment hydrology, streamflow and precipitation data are usually plotted together as a combined hydro-
graph (streamflow ) and hyetograph (rainfall, from Greek.hyetos, “rain”). Streamflow is plotted as a time series, while
rainfall is shown as an inverted bar plot along the top of the graph. Streamflow labels are shown on the left y-axis,
while rainfall labels are shown on the right y-axis.

# make an axis for the hydrograph
fig, strmflw_ax = plt.subplots(figsize=[12,6])
strmflw_ax.set_ylim([0, 50])

#make a second y-axis for the hyetograph
precip_ax = strmflw_ax.twinx()
precip_ax.set_ylim([0, 200])
precip_ax.invert_yaxis()

precip = leaf_data['Precip']

strmflw_ax.plot(range(0®, len(leaf_datal'Precip'])), leaf_data['Strmflw'], color=
—'lightcoral')

strmflw_ax.set_ylabel ('Streamflow (mm/day)"')

precip_ax.bar(range(0, len(leaf_data['Precip'])), leaf data['Precip'], width=2)
precip_ax.set_ylabel('Rainfall (mm/day)')

precip_ax.legend(['Precip'], loc='center right')
strmflw_ax.legend(['Streamflow'],bbox_to_anchor=(1, 0.48))

<matplotlib.legend.Legend at 0x7£53b95c6850>
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1.3 Running a Baseline Model Simulation

We'll start our experiment by running HYMOD using its default parameters.

# assign input parameters to generate a baseline simulated streamflow
Ng = 3 # Number of quickflow routing tanks

Kqg = 0.5 # Quickflow routing tanks' rate parameter

Ks = 0.001 # Slowflow routing tank's rate parameter

Alp = 0.5 # Quick/slow split parameter

Huz = 100 # Maximum height of soil moisture accounting tank

B = 1.0 # Scaled distribution function shape parameter

# Note that the number of years is 11. One year of model warm-up and ten years are used.
—for actual simulation
model = msdbook.hymod(Nq, Kq, Ks, Alp, Huz, B, leaf _data, ndays=4015)

1.4 Model Outputs

Model outputs include actual evapotranspiration, quick and fast streamflow, and combined runoff. In this tutorial we
focus on the total daily runoff, QQ (m?3/s). We can use the following script to plot simulated streamflow against
observed streamflow.

Tip: View the source code used to create this plot here: plot_observed_vs_simulated_streamflow

ax = msdbook.plot_observed_vs_simulated_streamflow(df=1leaf_data, hymod_dict=model)
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So how does our model perform? We can investigate model performance across several metrics:

1: Mean Absolute Error (MAE); MAE conveys how the model performs on average across the 10 year simulation
period, with smaller values indicating better performance. The absolute value is taken so that positive and negative
errors do not cancel each other out.

N
1
MAFE = N ; |Qsim,t - Q0b87t|

2: Root Mean Square Error (RMSE); RMSE is sum of square errors across the 10 year simulation period. RMSE is
sensitive to large errors between the historical record and the simulated flows, and thus is useful for highlighting the
model’s ability to capture of extreme flood events.

N
1
RMSE = N ;(Qsim,t - Qobs,t)2

3: Log-Root Mean Square Error (Log(RMSE)) LOG(RMSE) focuses on model performance during low-flow events.
LOG(RMSE) = log(RMSE)
mae np.mean(abs(leaf_data['Strmflw'] - model['Q']))

mse = metrics.mean_squared_error(model['Q'], leaf_data['Strmflw'])
rmse = mse**(1/2)

print('MAE: ' + str(mae) + '\nRMSE: ' + str(mse) + '\nLOG(RMSE): ' + str(rmse))

MAE: 1.0787471470460999
RMSE: 4.375695937555197
LOG(RMSE): 2.0918164206151544

The error metrics show that HYMOD performs reasonably well, the MAE is around 1 m3 /s, the RMSE is on the order
of 10% of the largest observed streamflow and the LOG(RMSE) is fairly low.
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B.4.3 2- Global Sensitivity Analysis

2.1 Experimental Design and Setup

Now we’ll examine how sensitive streamflow simulations generated by HYMOD are to the model’s input parameters.
We’ll perform global sensitivity analysis (see Section 3.1 of the main text) using the SALib Python library.

from SALib.sample import saltelli
from SALib.analyze import sobol
from SALib.analyze import delta

A first and critical step when conducting sensitivity analysis is determining the experimental design (see Design of
Experiments, Section 3.4 of the main text). Our experimental design involves defining the uncertainties that we’ll be
examining, the output of interest, the ranges of each uncertainty that will be explored and the strategy for sampling the
uncertainty space.

For this experiment we’ll explore the five parameters highlighted in Figure 1. We’ll draw their ranges from existing
literature on the model (note Jon H. paper). We’ll use a Sobol sampling an a quasi-random sampling with low sequences
approach to sample the uncertainty space (Section 3.3.4).

In this demonstration we’ll utilize Sobol Sensitivity Analysis, a variance based method (Section 3.4.5).

To explore HYMOD’s behavoir, we’ll examine the sensitivity of four model ouputs to input parameters: 1) predicted
flow, 2) Mean Absolute Error (compared with the calibaration data set), 3) Root Mean Square Error and 4) Log Root
Mean Square Error.

This analysis will employ SALib, a Python implementation also utilized in the other SA tutorial (make this more
formal).

To start our analysis, we’ll create a dictionary that describes our model uncertainties and their ranges, this dictionary
is named “problem_hymod” (SALib refers to these dictionaries as “problems”).

problem_hymod = {
'num_vars': 5,
'names': ['Kq', 'Ks', 'Alp', 'Huz', 'B'],
'bounds': [[0.1, 1], # Kq
[0, 0.1], # Ks
[0, 17, # Alp
[0.1, 500], # Huz
[0, 1.9]] # B
}

After defining our uncertainites and ranges, we’ll use SALib to sample the uncertainty space and run the model for
each of the sample sets. We will load a sample that has already been created param_values_hymod for demonstration
purposes. For HYMOD, literature recommends running at least N = 10,000 samples, to keep this demonstration easy to
run however, we utilize only 256 sobol samples of uncertainties. To generate accurate approximations of second order
sensitivity indicies SALib generates N*(2k+2) sets of samples, where N=256 and k=5 (number of uncertainties). For
the math behind why this is needed, see (Saltelli, A., 2002. Making best use of model evaluations to compute sensitivity
indices. Computer Physics Communications 145, 280-297. https://doi.org/10.1016/S0010-4655(02)00280-1).

The actual model simulation takes an extended period, so we also load the simulation data from a previous run. The
following demonstrates how to conduct this analysis:

# generate 256 samples.
param_values_hymod = saltelli.sample(problem_hymod, 256)

# dictionary to store outputs in

(continues on next page)
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d_outputs = {}

# run simulation for each parameter sample
for i in range(0, len(param_values_hymod)):

# run model for each sensitivity analysis parameter sets
hymod_output = msdbook.hymod(Nq,
param_values_hymod[i, 0],
param_values_hymod[i, 1],
param_values_hymod[i, 2],
param_values_hymod[i, 3],
param_values_hymod[i, 4],
leaf_data,
ndays=4015)

# store the simulated total flow discharge
d_outputs[£"Q{i}"] = hymod_output["Q"]

Q_df_bw = pd.DataFrame(d_outputs)

# load previously generated parameter values
param_values_hymod = msdbook.load_hymod_params()

# number of samples
n_samples = len(param_values_hymod)

# load previously generated hymod simulated outputs
Q_df_bw = msdbook.load_hymod_simulation()

# column names of each sample simulation number
sample_column_names = [i for i in Q_df_bw.columns if i[0] == 'Q']

A hydrological model such as HYMOD usually includes ordinary differential equations that are sensitive to their initial
condition. They also have components in their underlying formulation that have long memory such that prior time
steps can affect their current simulations. For example, soil moisture or groundwater can hold water for a long time
and therefore they are often considered to exhibit a long memory. This can affect the partitioning of water to runoff
and infiltration, while also controlling the generation of base flow. Therefore, it is important to have a reasonable
initial value for them. To achieve this, hydrologists usually extend their simulation period and after the simulations,
they remove that extended time period that has unreasonable groundwater or surface water values. This time period is
called the warm-up time period.

Here we extended our simulation for one year (from 10 years to 11 years) and we removed the first year of simulation,
therefore our warm-up period is one year.

# exclude the first year of simulation from the simulations and reset the index
Q_df = Q_df_bw.iloc[365:4015].copy() .reset_index(drop=True)

# exclude the first year of the input data and reset the index
leaf_data = leaf_data.iloc[365:4015].copy() .reset_index(drop=True)

Now that HYMOD has been warmed up, we’ll examine how HYMOD'’s streamflow outputs vary under different sample
sets, and compare them with the observed streamflow.
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# add date columns to our simulation data frame; for this data our start date is 1/1/2000

date_ts = pd.date_range(start='1/1/2000", periods=3650, freq='D')
Q_df['date'] = date_ts

Q_df['year'] = date_ts.year

Q_df['month'] = date_ts.month

Q_df['day'] = date_ts.day

# aggregate the simulated observed streamflow to monthly mean
df_sim_mth_mean = Q_df.groupby(['year', 'month'])[sample_column_names].mean()

# do the same for the observed data

date_ts = pd.date_range(start='1/1/2000"', periods=len(leaf_data), freg='D")
leaf_data['date'] = date_ts

leaf_data['year'] = date_ts.year

leaf_data['month'] = date_ts.month

leaf _data['day'] = date_ts.day

# aggregate the daily observed streamflow to monthly mean
df_obs_mth_mean = leaf_data.groupby(['year', 'month']).mean()

Tip: View the source code used to create this plot here: plot_observed_vs_sensitivity_streamflow

ax = msdbook.plot_observed_vs_sensitivity_streamflow(df_obs=df_obs_mth_mean,
df_sim=df_sim_mth_mean)

Observed vs. Sensitivity Analysis Outputs
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Now we’ll examine how each of HYMOD’s parameters impact the variance of simulated streamflows. Using SALib
we’ll calculate the first order and total order sensitivity indicies of each model parameter. The first order sensitivity
index measure’s the individual impact that a given parameter has on the variance of the simulated streamflows. The
total order index measures the impact of a given parameter along with all interactions that other parameters have with

the given parameter on simulated streamflows.

We'll start with an matrix, Y, which contains our simulated streamflows for every uncertainty sample. We’ll then use
the sobol.analyze function from SALib to calculate the sensitivity indicies (Si). The arguments for this function are the
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problem dictionary defined in part 2.2 of this tutorial, and the matrix of simulated streamflows, Y.

# overall aggregated indices

Y = Q_df[sample_column_names].mean() . to_numpy ()

# Perform analysis
Si = sobol.analyze(problem_hymod, Y)

Now we can examine our results, we’ll print the first order and total order Si’s for each parameter, then visualize the

results with bar plots

print('First order indices = ', Si['S1'])
print('Total order indicies = ', Si['ST'])

sns.set_style('white')

fig = plt.figure(figsize=(8,4))

axl = fig.add_subplot(121)
axl.bar(np.arange(5), Si['S1'])
axl.set_xticklabels(['', 'Kq', 'Ks', 'Alp',
axl.set_ylabel('First order Si'")
axl.set_ylim([0,1])

ax2 = fig.add_subplot(122)
ax2.bar(np.arange(5), Si['ST'])
ax2.set_xticklabels(['','Kqg', 'Ks', "Alp',
ax2.set_ylabel('Total order Si'")
ax2.set_ylim([0,1])

'B'1)

'B'D)

First order indices = [9.55550001e-05 7.49249463e-04 5.62386413e-04 7.03327551e-01

2.53701895e-01]

Total order indicies = [1.76174200e-06 1.63288175e-03 3.41378460e-04 6.88983864e-01

2.53922146e-01]

/srv/conda/envs/notebook/lib/python3.7/site-packages/ipykernel_launcher.py:9:.
—UserWarning: FixedFormatter should only be used together with FixedLocator

if __name__ == '__main__"':

/srv/conda/envs/notebook/lib/python3.7/site-packages/ipykernel_launcher.py:15:.
—.UserWarning: FixedFormatter should only be used together with FixedLocator

from ipykernel import kernelapp as app

(0.0, 1.0

80

Appendix B. Jupyter Notebook Tutorials



10 10
08 08

T Y 06

a =

5 5

7 ;

£ 04 Z 04
02 02
0.0 0.0

K Ks Alp Huz B

Kg

Ks

Alp

Huz E

Our findings indicate that in this instance, the streamflow estimate from HYMOD is highly sensitive to soil moisture
parameters Huz and B and hardly affected by the routing parameters. Notably, there is very little interactions between
parameters causing the total order indicies to be nearly identical to the first order indicies.

2.3 How do different performance metrics affect the results of our sensitivity analysis?

Streamflow has many different properties. In this section, we discuss how the selection of metrics can lead to funda-
mentally different sensitivity analysis results. For example, one can only focus on aggregated streamflow metrics such
as mean (what has been presented so far), or only on extreme events such as drought or floods.

Here we compare three different metrics: 1- Mean error (ME) 2- Root Mean Square Error (RMSE) 3- Log-Root Mean

Square Error (Log(RMSE))

Each of these metrics focuses on a specific attribute of streamflow. For example, RMSE highlights the impacts of

extreme flood events, while LOG(RMSE) focuses on model performance during low-flow events.

# calculate error metrics

mae = Q_df[sample_column_names].apply(lambda x: abs(x-leaf_data["Strmflw"]), axis=0)
mse = Q_df[sample_column_names].apply(lambda x: metrics.mean_squared_error(x, leaf_datal

"Strmflw"]), axis=0)
rmse = mse**(1/2)

# add error metrics to a dictionary

d_metrics = {'MAE': mae.mean() .values,

'RMSE': rmse.values,

'"LOG[RMSE]": np.logl®(rmse.values)}

# convert to a dataframe

df_metrics_SA = pd.DataFrame(d_metrics)

We can use the following to calculate the SA indices for each metric and visualize it.

df_metric_sl_result = pd.DataFrame(np.zeros((3, 5)), columns=['Kq', 'Ks',

—~'B'])

df_metric_sT_result = pd.DataFrame(np.zeros((3, 5)), columns=['Kq', 'Ks',

~'B'D)

# conduct sensitivity analysis for each metric

for index, i in enumerate(d_metrics.keys()):

'Alp', 'Huz',

'Alp', 'Huz',

(continues on next page)
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# get the data as a numpy array for the target metric
Y = d_metrics[i]

# use the metric to conduct SA
Si = sobol.analyze(problem_hymod, Y, print_to_console=False)

# add the sensitivity indices to the output data frame
df_metric_sl_result.iloc[index, :] Si['S1']
df_metric_sT_result.iloc[index, :] Si['ST']

# create seaborn heatmap with required labels

fig = plt.figure(figsize=(12,4))

axl = fig.add_subplot(121)

# labels for y-axis

y_axis_labels = ['Mean Absoulte Error', 'RSME', 'Log(RMSE)']

# plot heatmap

axl = sns.heatmap(df_metric_sl_result, yticklabels=y_axis_labels, annot=True,
—'inferno_r', cbar_kws={'label': 'Si'}, cbar=False)
axl.figure.axes[-1].yaxis.label.set_size(14)

axl.set_title('First Order Sensitivity')

ax2 fig.add_subplot(122)

ax2 = sns.heatmap(df_metric_sT_result, yticklabels=y_axis_labels, annot=True,
—'inferno_r', cbar_kws={'label': 'Si'})
ax2.figure.axes[-1].yaxis.label.set_size(14)

ax2.set_title('Total Order Sensitivity')

Text (0.5, 1.0, 'Total Order Sensitivity')
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The first order sensitivity indicies indicate that HYMOD’s sensitivity to its parameters is different depending on how
its output is measured. Unsurprisingly, the mean absolute error is highly sensitive to the soil moisture accounting
parameters Huz and B, just like the overall streamflow predictions above. However, when we examine RMSE and
log(RMSE), the routing parameters Alp become sensitive, and the sensitivity to parameter B is reduced. As described
above, RMSE and LOG(RMSE) respond to model performance in high-flow and low flow periods respectively. Our
results indicate that for these flow regimes Alp, the parameter that governs the split between quick and slow flow is
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an important factor. While still the parameter with the highest most effect on all three measures, Huz is much less
influential for RMSE and LOG(RMSE) than it is for MAE.

The total order sensitivity indicies review a different, more complex story. While the MAE sensitivity is relatively
governed by first order effects (like the streamflow predictions above), the RMSE and LOG(RMSE) error metrics show
significant interactions. Alp has the highest total order sensitivity for RMSE and is eqal to Huz for Log(RMSE). Kq,
which has a relatively low first order sensitivity index, shows strong contribution to variance when interactions are
taken into account.

Radial convergence plots are a helpful way to visualize the interactions between parameters. These plots array the model
parameters in a circle and plot the first order, total order and second order Sobol sensitivity indices for each parameter.
The first order sensitivity is shown as the size of a closed circle, the total order as the size of a larger open circle and the
second order as the thickness of a line connecting two parameters. Below is an example of a radial convergence plot
for the LOG(RMSE) measure. The plot indicates strong interactions between the Huz and Alp parameters, as well as
Alp and Kq. There is also an interaction between Alp and Ks.

import numpy as np

import itertools

import seaborn as sns

import math

sns.set_style('whitegrid', {'axes_linewidth': 0, 'axes.edgecolor': 'white'})

def is_significant(value, confidence_interval, threshold="conf"):
if threshold == "conf":
return value - abs(confidence_interval) > 0
else:
return value - abs(float(threshold)) > 0

def grouped_radial (SAresults, parameters, radSc=2.0, scaling=1, widthSc=0.5, STthick=1,.
—»varNameMult=1.3, colors=None, groups=None, gpNameMult=1.5, threshold="conf"):

# Derived from https://github.com/calvinwhealton/SensitivityAnalysisPlots

fig, ax = plt.subplots(l, 1)

color_map = {}

# initialize parameters and colors
if groups is None:

if colors is None:
colors = ["k"]

for i, parameter in enumerate(parameters):
color_map[parameter] = colors[i % len(colors)]
else:
if colors is None:
colors = sns.color_palette("deep"”, max(3, len(groups)))

for i, key in enumerate(groups.keys()):
#parameters.extend(groups[key])

for parameter in groups[key]:
color_map[parameter] = colors[i % len(colors)]

n = len(parameters)
angles = radSc*math.pi*np.arange(®, n)/n

(continues on next page)
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X
y

radSc*np.cos(angles)
radSc*np.sin(angles)

# plot second-order indices

for i, j in itertools.combinations(range(n), 2):
#keyl = parameters[i]
#key2 = parameters[j]

if is_significant(SAresults["S2"][i][j], SAresults["S2_conf"][i][j], threshold):
angle = math.atan((y[j]-y[i1)/(x[j1-x[i1))

if y[j1-y[i] < O:
angle += math.pi

line_hw = scaling®*(max(®, SAresults["S2"][i][j])**widthSc)/2

coords = np.empty((4, 2))

coords[0, 0] = x[i] - line_hw*math.sin(angle)
coords[1, 0] = x[i] + line_hw*math.sin(angle)
coords[2, 0] = x[j] + line_hw*math.sin(angle)
coords[3, 0] = x[j] - line_hw*math.sin(angle)
coords[0, 1] = y[i] + line_hw*math.cos(angle)
coords[1l, 1] = y[i] - line_hw*math.cos(angle)
coords[2, 1] = y[j] - line_hw*math.cos(angle)
coords[3, 1] = y[j]l + line_hw*math.cos(angle)

ax.add_artist(plt.Polygon(coords, color="0.75"))

# plot total order indices
for i, key in enumerate(parameters):
if is_significant(SAresults["ST"][i], SAresults["ST_conf"][i], threshold):
ax.add_artist(plt.Circle((x[i], y[i]), scaling*(SAresults["ST"][i]**widthSc)/
2, color="w'"))
ax.add_artist(plt.Circle((x[i], y[i]), scaling®(SAresults["ST"][i]**widthSc)/
2, lw=STthick, color='0.4"', fill=False))

# plot first-order indices
for i, key in enumerate(parameters):
if is_significant(SAresults["S1"][i], SAresults["S1_conf"][i], threshold):
ax.add_artist(plt.Circle((x[i], y[i]), scaling®(SAresults["S1"][i]**widthSc)/
2, color="0.4"))

# add labels
for i, key in enumerate(parameters):
ax.text(varNameMult*x[i], varNameMult*y[i], key, ha='center', va='center',
rotation=angles[i]*360/(2*math.pi) - 90,
color=color_map[key])

if groups is not None:
for i, group in enumerate(groups.keys()):

print (group)
group_angle = np.mean([angles[j] for j in range(n) if parameters[j] in.
—groupsigroup]i) (continues on next page)
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ax.text(gpNameMult*radSc*math.cos(group_angle), gpNameMult*radSc*math.
—sin(group_angle), group, ha='center', va='center',
rotation=group_angle*360/(2*math.pi) - 90,
color=colors[i % len(colors)])

ax.set_facecolor('white")

ax.set_xticks([])

ax.set_yticks([1)

plt.axis('equal')

plt.axis([-2*radSc, 2*radSc, -2*radSc, 2*radSc])
#plt.show()

return fig
# define groups for parameter uncertainties

groups={"Soil Moisture" : ["Huz", "B"],
”Routing” : [llAlpll’ lqull’ ”KS”]}

fig = grouped_radial(Si, ['Kq', 'Ks', 'Alp', 'Huz', 'B'], groups=groups, threshold=0.025)

Soil Moisture
Routing

@
9]
(@) |
.

2.4 Time-Varying Sensitivity Analysis

In section 2.5 we saw how performing sensitivity analysis on different measurements of model output can yeild in
different results on the importance of each uncertain input. In this section we’ll examine how performing this analysis
over time can yeild additional insight into the performance of HYMOD. We’ll first examine how model sensitivities
vary by month, then examine how they change across each year of the simulation.

For this demonstration, we’ll focus only on the monthly streamflow predictions generated by HYMOD.
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# aggregate simulated streamflow data to monthly time series
df_sim_by_mth_mean = Q_df.groupby('month") [sample_column_names].mean()

# aggregate observed streamflow data to monthly time series
df_obs_by_mth_mean = leaf_data.groupby('month') .mean()

We can use the following to calculate the SA indices for each month and visualize it. Results are pre-loaded for
efficiency.

# set up dataframes to store outputs
df_mth_s1 = pd.DataFrame(np.zeros((12,5)), columns=['Kq', 'Ks', 'Alp', 'Huz', 'B'])
df_mth_delta = df_mth_s1.copy(Q

# iterate through each month
for i in range(0, 12):

# generate the simulation data
Y = df_sim_by_mth_mean.iloc[i, :].to_numpy()

# run SA
Si = delta.analyze(problem_hymod, param_values_hymod, Y, print_to_console=False)

# add to output dataframes
df_mth_sl.iloc[i, :] = np.maximum(Si['S1'], ©)
df_mth_delta.iloc[i, :] = np.maximum(Si['delta'], 0)

# convert to arrays
arr_mth_sl1 = df_mth_sl.values
arr_mth_delta = df_mth_delta.values

The following can be used to visualize the time-varying first-order indices. The first order represents the direct impacts
of a specific parameter on model outputs.

Tip: View the source code used to create this plot here: plot_monthly_heatmap

# load previously ran data
arr_mth_delta, arr_mth_sl1 = msdbook.load_hymod _monthly_simulations()

# plot figure

ax, ax2 = msdbook.plot_monthly heatmap(arr_sim=arr_mth_s1.T,
df_obs=df_obs_by_mth_mean,
title="First Order - Mean Monthly SA'")
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This figure demonstrates the first order sensitivity indices when the streamflow data are aggregated by month. The
purple line represents the observed monthly discharge. The figure indicates that the first order indices are highest for B
and Huz across all months and lowest for Alp, Ks, and Kq. Note that in the months with the highest flow, Ks becomes

an influential parameter.

We can also focus on the total order sensitivity index that includes first-order SA indices and interactions between
parameters

# plot figure

ax, ax2 = msdbook.plot_monthly_heatmap(arr_sim=arr_mth_delta.T,
df_obs=df_obs_by_mth_mean,
title='Total Order - Mean monthly SA')
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Notably, the total order sensitivity results are different than the first order sensitivity results, which indicates that inter-

B.4. HYMOD Dynamics Tutorial 87



actions between the parameters (particularly in regards to routing parameters K¢, K's, and Alp) contribute to changes
in HYMOD output.

# group by year and get mean
df_sim_by_yr_mean = Q_df.groupby(['year']) [sample_column_names].mean()

# group input data and get mean
df_obs_by_yr_mean = leaf data.groupby(['year']).mean()

We can also calculate the sensitivity analysis indices for each individual year. This will allow us to understand if model
control changes during different years. The following code first aggregates the outputs to annual time steps, and then
calculates the SA indices.

# set up dataframes to store outputs
df_yr_s1 = pd.DataFrame(np.zeros((10, 5)), columns=['Kq', 'Ks', 'Alp', 'Huz', 'B'])
df_yr_delta = df_yr_sl.copy()

# iterate through each year
for i in range(0, 10):

# generate the simulation data
Y = df_sim_by_yr_mean.iloc[i, :].to_numpy()

# run SA
Si = delta.analyze(problem_hymod, param_values_hymod, Y, print_to_console=False)

# add to output dataframes
df_yr_sl.iloc[i, :] = np.maximum(Si['S1'], 0)
df_yr_delta.iloc[i, :] = np.maximum(Si['delta'], 0)

# convert to arrays
arr_yr_sl = df_mth_sl.values
arr_yr_delta = df_mth_delta.values

Tip: View the source code used to create this plot here: plot_annual_heatmap

# load previously ran data
arr_yr_delta, arr_yr_sl = msdbook.load_hymod_annual_simulations()

# plot figure

ax, ax2 = msdbook.plot_annual_heatmap(arr_sim=arr_yr_sl1.T,
df_obs=df_obs_by_yr_mean,
title='First Order - Mean Annual SA')
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The first order sensitivities at the annual scale are not unlike the first order monthly sensitivities. Once again, sensitiv-
ities vary across year and Huz and B are the most consequential parameters.

# plot figure
ax, ax2 = msdbook.plot_annual_heatmap(arr_sim=arr_yr_delta.T,

df_obs=df_obs_by_yr_mean,

title="Total Order - Mean Annual SA and Observed.
—flow')
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Our results indicate that sensitivity analysis indices vary in different years and now that interactions are included, the
Kq, Ks, and Alp variables impact the sensitivity of the streamflow output.

Although time-varying sensitivity analysis (TVSA) at average monthly and average annual temporal resolutions is
informative, TVSA is susceptible to the aggregation issue that we discussed earlier in section 3-2. To avoid that we can
further discretize our time domain to zoom into individual months. This will provide us with even more information
about model behavior and the sensitivity of different parameters in different states of the system. The block of code
demonstrates how to implement the monthly TVSA.

B.4. HYMOD Dynamics Tutorial 89



# set up dataframes to store outputs
df_vary_sl = pd.DataFrame(np.zeros((df_obs_mth_mean.shape[0], 5)),
columns=['Kq', 'Ks', 'Alp', 'Huz', 'B'])

df_vary_delta = df_vary_sl.copy()

# iterate through each month
for i in range(0, df_obs_mth_mean.shape[0]):

# generate the simulation data
Y = df_sim_mth_mean.iloc[i, :].to_numpy()

# run SA
Si = delta.analyze(problem_hymod, param_values_hymod, Y, print_to_console=False)

# add to output dataframes
df_vary_sl.iloc[i, :] = np.maximum(Si['S1'], ©)
df_vary_delta.iloc[i, :] = np.maximum(Si['delta'], 0)

# convert to arrays
arr_vary_sl = df_vary_sl.values
arr_vary_delta = df_vary_delta.values

Tip: View the source code used to create this plot here: plot_varying_heatmap

# load in previously ran data
arr_vary_delta, arr_vary_sl = msdbook.load_hymod_varying_simulations()

# plot figure

ax, ax2 = msdbook.plot_varying_ heatmap(arr_sim=arr_vary_sl1.T,
df_obs=df_obs_mth_mean,
title="First Order - Time-Varying SA')
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Compared to the TVSA when streamflow was aggregated, this figure suggests that Kq is indeed a relevant parameter
for influencing streamflow output when individual months are considered.

# plot figure

ax, ax2 = msdbook.plot_varying_heatmap(arr_sim=arr_vary_delta.T,
df_obs=df_obs_mth_mean,
title="Total Order - Time-Varying SA'")
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As above, the total order sensitivities further indicate the importance of Kq that is not apparent if aggregation is utilized.

B.4.4 Tips to Apply this methodology to your own problem

In this tutorial, we demonstrated how to use global sensitivtiy analysis to explore a complex, non-linear model. We
showed how measuring sensitivity across multiple measures of model performance and temporal aggregations yeilding
differing results about model sensitivity/behavoir. While these results may seem contraditory, they provide useful
insight into the behavoir of HYMOD. Would we expect the same parameters to control high flow and low flow regimes
within the model? Maybe, depending on the system, but also, maybe not. This analysis can provide insight into how
the model responds to its input parameters, allowing us to compare the results to our expectaions. This may allow us to
find problems with our intial assumptions, or call attention to model features that can be improved or expanded upon.
Depending on the model and context, it may also yield insight into the workings of the underlying system.

To run this tutorial on your own model you will need to:

1. Design your experiment by choosing sampling bounds for your parameters and setting up the problem dictionary
as in step 2-2

2. Choose the parameters of interest

3. Generate samples using the saltelli.sample function. This step is problem-dependent and note that the Sobol
method can be computationally intensive depending on the model being analyzed. More complex models will
be slower to run and will also require more samples to calculate accurate estimates of Sobol indices. Once you
complete this process, pay attention to the confidence bounds on your sensitivity indices to see whether you need
to run more samples.

4. Run the parameter sets through your model and record each of the desired model outputs.

5. Calculate the Sobol indices for each performance criteria. Now, the Y will be a numpy array with your external
model output and you will need to include the parameter samples as an additional argument.
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6. Follow the procedure in step 2.6 to disaggregate performance across time

B.5 Time-evolving scenario discovery for infrastructure pathways

Note:

Run the tutorial interactively: Scenario Discovery Notebook.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.

B.5.1 Time-evolving scenario discovery for infrastructure pathways

The purpose of this tutorial is to explore time-evolving vulnerability for systems that dynamically adapt to changing
conditions. Using an example from water supply planning, we’ll first examine how performance of a dynamic in-
frastructure pathway policy changes over time, then use factor mapping (main text Chapter 4.3) to understand which
combinations of uncertaities generate vulnerability for two water utilities. Next, we’ll perform factor prioritization
(main text Chapter 4.3) to determine which uncertainties have the most influence on water supply performance. Fi-
nally, we’ll provide an open platform to explore vulnerability across multiple measures of performance and different
combinations of uncertainties.

Background

The Bedford-Greene metropolitan area (Figure 1) is a stylized water resources test case where two urban water utilities
seek to develop an infrastructure and investment and management strategy to confront growing demands and changing
climate. The utilities have agreed to jointly construct a new water treatment plant on Lake Classon, a large regional
resource. Both utilities have also identified a set of individual infrastructure options to construct if necessary.

The utilities are formulating a cooperative and adaptive regional management strategy that uses a risk-of-failure (ROF)
metric to trigger both short term drought mitigation actions (water use restrictions and treated transfers between utilities)
and long-term infrastructure investment decisions (shown in Figure 2a). Both utilities have specified a set of risk triggers
and developed a construction order for available infrastructure options.

The utilities have run a Monte Carlo simulation to evaluate how these policies respond to a wide array of future States
Of the World (SOWs). Each SOW represents a different combinations of thirteen uncertain system inputs including
demand growth rates, changes to streamflows and financial variables. In this context, a fully specified SOW is composed
of one sample of uncertain model inputs (e.g. one projection of demand growth rate coupled with one future streamflow
scenario and one projection of future financial conditions). The water utilities used Latin Hypercube sampling (Chapter
3.3 of the main text) to develop an ensemble of 1,000 plausible future SOWs. The Monte Carlo simulation evaluates
each candidate water supply infrastructure investment and management policy across all 1,000 SOWs, as shown in
Figure 2b. For more details on the Monte Carlo sampling for this type of analysis, see Trindade et al., (2019).

The ROF-based policies respond to each SOW by generating a unique infrastructure pathway - a sequence of infras-
tructure investment decisions over time. Infrastructure pathways over a set of 1,000 future SOWs are shown in Figure
2c. Infrastructure options are arrayed along the vertical axis and the sequence of infrastructure investments triggered by
the policy is plotted as pathways over time. Since the adaptive rule system generates a unique infrastructure sequence
for each scenario, Figure 2c summarizes the ensemble of pathways by clustering SOWs according to infrastructure
intensity. Dark green lines represent SOWs where the utilities heavily invest in new infrastructure, light green lines
represent SOWs with low infrastructure investment and medium shaded lines represent moderate investment. The
shading behind each pathway represents the frequency that each infrastructure option was triggered over time across
sampled scenarios
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Evaluating Robustness over time

The two water utilities are interested in mainting both supply reliability and financial stability across the broadest set of
plausible future SOWs. To measure the performance of the infrastructure pathway policy, they’ve defined five critical
performance criteria:

* Reliability > 99%

* Restriction Frequency < 20%

 Peak Financial Cost < 80% of annual revenue (a measure of debt service spending)

* Worst-case drought management cost < 10% of annual revenue (a measure of unexpected drought costs)
* Unit Cost of Expansion < 5 dollars/kgal

To assess the robustness of the infrastructure pathway policy, the two utilities apply a satisficing metric, which measures
the percentage of sampled SOWs where the pathway policy meets the peformance criteria:

N
Where, A_6,j =

1, ifF(0); <®;
0, otherwise

And @ is a vector of performance criteria for utility j, 6 is the portfolio and N is the total number of sampled SOWs.

Below, we’ll visualize how robustness for the two utilities evolves over the 45-year planning horizon. We’ll assess
robustness across three time periods, near-term (first 10 years), mid-term (22 years) and long term (45 years).

We start by loading robustness values for the both utilities. These values are calculated by applying the robust-
ness metric above across 2,000 simulated SOWs. To make this exercise computationally tractable, we’ve precom-
puted these values, which can be found in the files “short_term_robustness.csv”’, “mid_term_robustness.csv” and
“long_term_robustness.csv”. These values are calculated using the function “check_rdm_meet_criteria” within the

helper functions.

import numpy as np

from matplotlib import pyplot as plt

from functions.eBook_SD_helpers import check_rdm_meet_criteria, create_sd_input, plot_
-.selected_tree_maps, get_factor_importances, open_exploration

import seaborn as sns

# load Deeply uncertain factors
rdm_factors = np.loadtxt('data/DU_Factors.csv', delimiter= ',")

sns.set()

short_term_robustness = np.loadtxt('data/short_term_robustness.csv', delimiter= ',"')
mid_term_robustness = np.loadtxt('data/mid_term_robustness.csv', delimiter = ',")
long_term_robustness = np.loadtxt('data/long_term_robustness.csv', delimiter = ',')

# plot robustness over time

fig =plt.figure(figsize=(9,3))

plt.plot([10,22,45], [short_term_robustness[5]*100, mid_term_robustness[5]*100,long_term_
—,robustness[5]%100], c="#B19CD9")

plt.plot([10, 22, 45], [short_term_robustness[11]*100, mid_term_robustness[11]*100, long_
—term_robustness[11]*100], c= '#43b284")

plt.scatter([10,22,45], [short_term_robustness[5]*100, mid_term_robustness[5]*100,long_
—term_robustness[5]*100], s=100, c="#B19CD9")

(continues on next page)
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(continued from previous page)

plt.scatter([10, 22, 45], [short_term_robustness[11]*100, mid_term_robustness[11]*100,.
—long_term_robustness[11]*100], s=100, c='#43b284")

plt.xlabel('Time Horizon (yrs)')

plt.ylabel('Robustness (% SOWs) ')

plt.legend([ 'Bedford', 'Greene'])

plt.title('Robustness Over Time')

plt.ylim([0, 107])

(0.0, 107.0)
Robustness Over Time
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g _h"‘---a______h Gresne
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Exploring performance evolution

The figure above reveals that the robustness of both water utilities degrades over time, with Bedford’s robustness de-
clining further than Greene. This suggests that the proposed pathway policy is likely insufficient to meet the long-term
needs of the two utilities. But how is the current policy insufficient? To answer that question we examine the perfor-
mance measures that fail to meet performance criteria for each utility across the three planning horizons.

# Plot the type of vulnerability over time

### Bedford ###

plot_robustness_1 = np.zeros([3,5])

# Determine the percentage of failure SOWs that violate each criterion (note some SOWS._
—fail multiple criteria, so this may some to >1)

criteria = ['Reliability', 'Restriction Frequency', 'Peak Financial Cost', 'Worst-case.
—drought\nManagement Cost', 'Stranded Assets']

plot_robustness_1[0,:] = (1 - short_term_robustness[0:5])/(l-short_term_robustness[5])
plot_robustness_1[1,:] = (1 - mid_term_robustness[0:5])/(1-mid_term_robustness[5])
plot_robustness_1[2,:] (1 - long_term_robustness[0:5])/(l-long_term_robustness[5])

# Plot over time

fig, axes = plt.subplots(nrows=1, ncols=3, figsize=(9,4))

axes[0] .bar(np.arange(5), plot_robustness_1[0,:], color="#B19CD9')
axes[0].set_xticks(np.arange(5))

axes[0].set_xticklabels(criteria, rotation='vertical')
axes[0].set_ylim([0,1])

axes[0].set_title('10-year Horizon')

(continues on next page)
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axes[0]
axes[1]
axes[1]
axes[1]
axes[1]
axes[1]
axes[2]
axes[2]
axes[2]
axes[2]
axes[2]

(continued from previous page)

.set_ylabel ('Fraction of failure SOWs')

.bar(np.arange(5), plot_robustness_1[1,:], color='#B19CD9")
.set_xticks(np.arange(5))

.set_xticklabels(criteria, rotation='vertical')
.set_ylim([0,1])

.set_title('22-year Horizon')

.bar(np.arange(5), plot_robustness_1[2,:], color='#B19CD9")
.set_xticks(np.arange(5))

.set_xticklabels(criteria, rotation='vertical')
.set_title('45-year Horizon')

.set_ylim([0,1])

fig.suptitle('Bedford")
plt.tight_layout()

### Greene ###

# Determine the percentage of failure SOWs that violate each criterion (note some SOWS.
—fail multiple criteria, so this may some to >1)

plot_robustness_2 = np.zeros([3, 5])

plot_robustness_2[0, :] = (1 - short_term_robustness[6:11]) / (1 - short_term_
—robustness[11])

plot_robustness_2[1, :]
plot_robustness_2[2, :]

(1 - mid_term_robustness[6:11]) / (1 - mid_term_robustness[11])
(1 - long_term robustness[6:11]) / (1 - long_term_

—robustness[11])

fig, axes = plt.subplots(nrows=1, ncols=3, figsize=(9, 4))

axes[0]
axes[0]
axes[0]
axes[0]
axes[0]
axes[0]
axes[1]
axes[1]
axes[1]
axes[1]
axes[1]
axes[2]
axes[2]
axes[2]
axes[2]
axes[2]

.bar(np.arange(5), plot_robustness_2[0, :], color="'#43b284")
.set_xticks(np.arange(5))

.set_xticklabels(criteria, rotation='vertical')
.set_title('10-year Horizon')

.set_ylim([0,1])

.set_ylabel('Fraction of failure SOWs')

.bar(np.arange(5), plot_robustness_2[1, :], color="'#43b284")
.set_xticks(np.arange(5))

.set_xticklabels(criteria, rotation='vertical')
.set_title('22-year Horizon')

.set_ylim([0,1])

.bar(np.arange(5), plot_robustness_2[2, :], color="'#43b284")
.set_xticks(np.arange(5))

.set_xticklabels(criteria, rotation='vertical')
.set_title('45-year Horizon')

.set_ylim([0,1])

fig.suptitle('Greene')
plt.tight_layout()
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In the figures above, we observe that the vulnerability of both utilities changes in different ways. Early in the simulation
period, Bedford is vulnerable to failures in reliability (though the robustness figure created in step B5.2 reveals that
these failures are very rare). As the simulation period progresses, Bedford’s vulnerability expands to include failures
in restriction frequency and worst-case cost. These failures indicate that the utility has an overall inability to manage
drought conditions and future conditions progress.

Greene shows a very different evolution in vulnerability. Early in the simulation period, failures manifest in the restric-
tion frequency objective, suggesting that the utility must rely on water use restrictions to maintain supply reliability.
As the simulation progresses however, the vulnerability evolves. When evaluated across the 45-year planning horizon,
a new failure modes emerges - financial failure manifesting in peak financial cost and stranded assets. This suggests
that the proposed pathway policy may be over-investing in new infrastructure, straining the utility’s budget with large
debt payments that are unnecessary to maintain supply reliability.
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How do deep uncertainties generate vulnerability

While the evolution of robustness provides insight into how the system evolves over time, it does not reveal why each
utility is vulnerable. To examine how deep uncertainties generate vulnerability over time for the two utilities, we
perform scenario discovery (factor mapping, Chapter 4.3). Here we’ll utilize gradient boosted trees to identify regions
of the uncertainty space that cause the utilities to fail to meet performance criteria.

# import the performance data across 2000 SOWs for three time periods

short_term_performance = np.loadtxt('data/short_term_performance.csv', delimiter= ",")
mid_term_performance = np.loadtxt('data/mid_term_performance.csv', delimiter = ',")
long_term_performance = np.loadtxt('data/long_term_performance.csv', delimiter = ',")

satisficing criteria = [.98, .2, .8, .1, 5]

# transform into scenario discovery input

short_term_SD_input = create_sd_input(short_term_performance, satisficing_criteria)
mid_term_SD_input = create_sd_input(mid_term_performance, satisficing_criteria)
long_term_SD_input = create_sd_input(long_term_performance, satisficing_ criteria)

# factor mapping Bedford

fig, axes = plt.subplots(nrows=1, ncols=3, figsize=(9,3))
plot_selected_tree_maps(5, 'short_term', 0, 6, satisficing_criteria, 0, axes[0])
axes[0].set_title('10-year Horizon')

plot_selected_tree_maps(5, 'mid_term', 0, 6, satisficing criteria, 0, axes[1])
axes[1].set_title('22-year Horizon')

plot_selected_tree_maps(5, 'long_term', O, 1, satisficing_criteria, 0, axes[2])
axes[2].set_title('45-year Horizon')

fig.suptitle('Bedford Factor Maps')

plt.tight_layout()

# factor mapping Greene

fig, axes = plt.subplots(nrows=1, ncols=3, figsize=(9,3))
plot_selected_tree_maps(11l, 'short_term', 0, 8, satisficing_criteria, 0, axes[0])
axes[0].set_title('10-year Horizon')

plot_selected_tree_maps(11l, 'mid_term', 0, 6, satisficing_criteria, 0, axes[1])
axes[1].set_title('22-year Horizon')

plot_selected_tree_maps(11l, 'long_term', O, 1, satisficing_criteria, 0, axes[2])
axes[2].set_title('45-year Horizon')

fig.suptitle('Greene Factor Maps')

plt.tight_layout()

Factor map for Bedford
Factor map for Bedford
Factor map for Bedford
Factor map for Greene
Factor map for Greene
Factor map for Greene
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In the figures above, we learn more about how the vulnerability of the two utilities evolves over time. Bedford begins
with very few possible failures but appears vulnerable to high demand growth scenarios under future scenarios with high
demands. When evaluated across a 22-year planning horizon, Bedford is vulnerable when the near-term demand growth
is high and water use restrictions are less effective than predicted. Under the full 45-year planning horizon, Bedford is
vulnerable to sustained high levels of demand growth, failing if either near-term or mid-term demand growth exceeds
expected levels.

Greene’s vulnerability evolves differently. It begins with vulnerability to high demand growth, but as the simulation
progresses (and infrastructure is constructed), the utility becomes vulnerable to low-demand growth futures which
cause the failures in financial criteria shown in section B.5.3. This indicates that the pathway policy over-builds in
many SOWs, and becomes financially unstable if demand does not grow sufficiently to provide revenue to cover debt
service payments.

Which uncertainties have the most influence on time-evolving performance?

The factor maps generated in B.5.4 present the vulnerability generated by the two most important deep uncertainties
as determined by Gradient Boosted Trees. Yet the factor prioritization shows that more than two uncertainties are
influential to regional performance. Further, we can observe that individual uncertainties have different impacts on
each performance obejctive, and these impacts may change over time. In the cells below, explore the impact of deep
uncertainty by generating factor maps for different combinations of deep uncertain factors, objectives and time horizons.

sns.set_style('white')
uncertainties = ['D1', 'D2', 'D3', 'BT', 'BM', 'DR', 'RE', 'EV', 'PM', 'CT', 'IA', 'IF',

~'IP']

uncertainties = ['Near-term demand', 'Mid-term demand', 'Long-term demand', 'Bond Term',
—'Bond Rate', 'Discount Rate', 'Restriction Effectiveness', 'Evaporation Rate',

< 'Permitting time', 'Construction time', 'Inflow Amplitude', 'Inflow Frequeentiges on next page)

< 'Inflow Period']
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ul_

ul_

(continued from previous page)

st_FI = get_factor_importances(short_term_SD_input, rdm_factors, 250, 4, 5)
ul_mt_FI = get_factor_importances(mid_term_SD_input, rdm_factors, 250, 4, 5)
1t_FI = get_factor_importances(long_term_SD_input, rdm_factors, 250, 4, 5)

ul_all = np.vstack([ul_st_FI,ul_mt_FI, ul_l1t_FI])

ul_

all = np.transpose(ul_all)

# factor ranking -- utility 2
st_FI = get_factor_importances(short_term_SD_input, rdm_factors, 250, 4, 11)
mt_FI = get_factor_importances(mid_term_SD_input, rdm_factors, 250, 4, 11)

1t_FI = get_factor_importances(long_term_SD_input, rdm_factors, 250, 4, 11)

u2_
u2_|
u2_
u2_
u2_

fig, (ax, ax2, cax) = plt.subplots(ncols=3,figsize=(5,5),
gridspec_kw={"width_ratios":[1,1, 0.1]})

fig
im

ax.
ax.
ax.
ax.

all = np.vstack([u2_st_FI,u2_mt_FI, u2_1t_FI])
all = np.transpose(u2_all)

.subplots_adjust(wspace=0.3)

= ax.imshow(ul_all, cmap='Reds', vmin=0, vmax=.3)
set_yticks(np.arange(13))
set_yticklabels(uncertainties)
set_xticks(np.arange(3))

set_xlabel ('Time Horizon')

ax.set_title('Bedford")

iml = ax2.imshow(u2_all, cmap='Reds', vmin=0, vmax=.3)

ax2.set_yticks(np.arange(13))

ax2.set_yticklabels([])

ax2.set_xticks(np.arange(3))

ax2.set_xlabel('Time Horizon')

ax2.set_title('Greene')

fig.colorbar(im, cax=cax, label='Factor Importance')

plt.tight_layout()
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The Figure above shows the factor importance as determined by gradient boosted trees for both utilities across the three
planning horizons. While near-term demand growth is important for both utilities under all three planning horizons,
the importance of other factors evolves over time. For example, restriction effectiveness plays an important role for
Greene under the 22-year planning horizon but disappears under the 45-year planning horizon. In contrast, the bond
interest rate is important for predicting success over the 45-year planning horizon, but does not appear important over
the 10- or 22-year planning horizons. These findings highlight how assumptions about the planning period can have a
large impact on modeling outcomes.

Open exploration

In the cell below, use the function to explore how factor maps change for the two utilities based upon the uncertainties
plotted, the objectives of interest and the time horizon.

# specify the utility ("Bedford" or "Greene')
utility = "Bedford"

# specify which performance objectives to investigate (note that not all performance.
—objectives have failures, which may result in a blank factor map)

# set this to one of the following: "Reliability", "Restriction Frequency'", "Peak.
—Financial Cost", "Worst Case Cost" or "Unit Cost"

objective = "Reliability"

# select uncertainties from the following list: D1', 'D2', 'D3', 'BT', 'BM', DR', RE', 'EV', PM,
- 'CT', 'TIA', 'IF', 'IP'
uncertainty_1 = 'D1’
uncertainty_2 = 'D2'

# The code below will plot factor maps over the three planning horizons for the.
—Iinformation above
fig, axes = plt.subplots(nrows=1, ncols=3, figsize=(9,3))

(continues on next page)
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(continued from previous page)

open_exploration(utility, objective, 'short_term', uncertainty_1, uncertainty_2, axes[0])
open_exploration(utility, objective, 'mid_term', uncertainty_1l, uncertainty_2, axes[1])
open_exploration(utility, objective, 'long_term', uncertainty_l, uncertainty_2, axes[2])
plt.tight_layout()

Factor map for Bedford, reliability
Factor map for Bedford, reliability
Factor map for Bedford, reliability

..-!b'::‘ Jli"':@':h" P34

" % J'{:S- At
." r

[
fr]
P2
=]
ra
o

i)
[+]]
=
en
=
(%]

Mid-term demand
growth scaling {0%)
=
Mid-term demand
growth scaling {7%)
P
Mid-term demand
growth scaling (15%)
=

05 05 0.5
00 00 00
0 1 2 ] 1 2 0 1 2
Mear-term demand Mear-term demand Mear-term demand
growth scaling (36%) growth scaling (51%) growth scaling (19%)

Tips to apply this methodology to your own problem

In this tutorial, we demonstrated time-evolving scenario discovery for a cooperative water supply system. To apply this
workflow to your own problem:

1. Choose sampling bounds for your parameters of interest, which will represent uncertainties that characterize your
system.

2. Generate samples for these parameters (this can be done using the saltelli.sample function as in B.2 or done with
another package).

3. Define performance criteria for your problem
4. Evaluate parameter sets through your model, and save performance measures across multiple time horizons

5. Draw from the supporting code for this tutorial to perform scneario discovery and visualize results

References

Trindade, B. C., Reed, P. M., & Characklis, G. W. (2019). Deeply uncertain pathways: Integrated multi-city regional
water supply infrastructure investment and portfolio management. Advances in Water Resources, 134, 103442.
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B.6 A Hidden-Markov Modeling Approach to Creating Synthetic
Streamflow Scenarios Tutorial

Note:

Run the tutorial interactively: HMM Notebook.
Please be aware that notebooks can take a couple minutes to launch.
To run the notebooks yourself, download the files here and use these requirements.

B.6.1 A Hidden-Markov Modeling Approach to Creating Synthetic Streamflow Sce-
narios

In this notebook, we will be covering the basics of fitting a Hidden Markov Model-based synthetic streamflow generator
for a single site in the Upper Colorado River Basin. First, we will characterize the observed historical flow in the basin
from 1909-2013. Then, we will fit a synthetic streamflow generator to the observed flows in the basin in order to create
stationary synthetic flows. Finally, we will create a non-stationary version of the generator to create flows that could be
representative of plausible future climate in the region. We ultimately show how to place the synthetically generated
flows in the context of physically-informed CMIP5 projections to compare the two methods.

Background

In the Western United States (US), and particularly the Colorado River Basin, a recent study used tree-ring reconstruc-
tions to suggest that the megadrought that has been occurring in the Southwest over the past 22 years is the region’s
worst drought since about 800 AD (Williams et al., 2022). The study’s lead author, UCLA climatologist Park Williams,
suggested that had the sequence of wet-dry years occurred without anthropogenic forcing, the 2000s would have likely
still been dry, but not on the same level as the worst of the last millennium’s megadroughts.

The recent trend of warming and reduced soil moisture in the Southwest US is highly challenging from a water sys-
tems planning and management perspective for the Colorado River Basin. Given the wide recognition that the river is
over-allocated, the most recent drought highlights the difficulty of sustaining the flow requirements as dictated by the
Colorado Compact. Thus, there has been an increasing focus in exploratory modeling efforts to clarify how vulnerable
water systems in this region are to plausible drought streamflow scenarios for the future. In this tutorial, we’ll discuss
how to create these scenarios using a Hidden Markov Model (HMM)- based streamflow synthetic generator. As dis-
cussed in Section 2.1 and 4.2 of the eBook, future climate conditions in the basin represent a deep uncertainty that can
lead to highly consequential water scarcity outcomes. It is advantageous to create a model such as the HMM-based gen-
erator in order to facilitate the creation of many ensembles of streamflow that can ultimately be used to force regional
water systems models to understand how variability and drought extremes affect regional water shortages, operations,
and policies.

B.6.2 Let’s Get Started!

Observed Record

First, let’s take a look at the observed data from 1909-2013 for a specific site. In this example, we use the outlet gauge
of the Upper Colorado River (USGS Gauge 09163500 at the Colorado-Utah state line). Below, we create a plot of the
annual streamflow.
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# Import libraries

import matplotlib as mpl

import matplotlib.pyplot as plt
import matplotlib.patches as patches
import numpy as np

import pandas as pd

from random import random

from SALib.sample import latin
from scipy import stats as ss
import statistics

import statsmodels.api as sm

# Import helper functions from local package
from functions import fitmodel

from functions import plotstates

from functions import plotdist

# Read in annual historical data
AnnualQ = pd.read_csv('data/uc_historical.csv')
AnnualQ[ 'Year'] = list(range(1909, 2014))

# Plot a line graph

fig, ax = plt.subplots(figsize=(12, 8))

ax.plot(AnnualQ.iloc[:, 1],
AnnualQ.iloc[:, 0],
color="#005F73",
label="Annual")

# Add labels and title

ax.set_title("Upper Colorado Annual Flow")
ax.set_xlabel("Year", fontsize=16)

ax.set_ylabel ("Annual Flow (cubic feet per year)", fontsize=16)
plt.xticks(fontsize=12)

plt.yticks(fontsize=12)

mpl.rc('legend', fontsize=16)

legend = plt.legend(loc="upper right")

plt.show()

plt.close()
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Let’s calculate an 11-year rolling mean of the same data to get a sense of long-term trends.

fig, ax = plt.subplots(figsize=(12, 8))

# Plot the original line graph

plt.plot(AnnualQ.iloc[:, 1],
AnnualQ.iloc[:,0],
color="#005F73",
label="Annual"')

# Plot an 11l-year rolling mean
plt.plot(AnnualQ.iloc[:, 1].rolling(11).mean(),
AnnualQ.iloc[:, 0].rolling(11).mean(),
color="#183A2E",
label="11-Year Rolling Mean')

# Add labels and title

plt.title("Upper Colorado Annual Flow")

ax.set_xlabel("Year", fontsize=16)

ax.set_ylabel ("Annual Flow (cubic feet per year)", fontsize=16)
plt.xticks(fontsize=12)

plt.yticks(fontsize=12)

mpl.rc('legend', fontsize=16)

legend = plt.legend()

plt.show()

plt.close()
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The Colorado Compact, which prescribes flows between the Upper and Lower Colorado Basins, was negotiated using
data prior to 1922, a time period revealed by the above figure to be one of the consistently wetter periods on record.
It’s clear today that since the 1980s, the Southwest US has been experiencing aridification (Overpeck et al., 2020) and
that this observed record alone isn’t an accurate representation of what future climate might look like in this region.

Let’s get a little more specific and formally quantify decadal droughts that have occurred in the observed period. We
use a metric proposed in Ault et al. (2014). The authors define a decadal drought as when the 11-year rolling mean
falls below a threshold that is 1/2 a standard deviation below the overall mean of the record. We can then highlight the
block of years that fall in a decadal drought using yellow rectangles below.

# Define drought threshold
std = statistics.stdev(AnnualQ.iloc[:, 0])
threshold = np.mean(AnnualQ.iloc[:, 0] - (0.5 * std))

# Find where the rolling mean dip below the threshold?

drought_instances = [i for i, v in enumerate(AnnualQ.iloc[:,0].rolling(11).mean()) if v
—< threshold]

drought_years = AnnualQ.iloc[:, 1].rolling(11) .mean() [drought_instances]

# Add labels and title

fig, ax = plt.subplots(figsize=(12, 8))

ax.plot(AnnualQ.iloc[:,1],
AnnualQ.iloc[:,0],
color="#005F73",
label="Annual')

(continues on next page)
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ax.plot(AnnualQ.iloc[:,1].rolling(11,center=True) .mean(),
AnnualQ.iloc[:,0].rolling(11,center=True) .mean(),
color="#183A2E",
label="11-Year Rolling Mean')

ax.axhline(y=threshold,
color="black',
linestyle="--",
label="Drought Threshold")

# Visualize the drought periods as yellow rectangles
for i in drought_years:

# Plot a box centered around those values and with 5 years on either side.
rect = patches.Rectangle((i-5,0), 11,2e7, linewidth=1, edgecolor="#EFE2BE', .
—.facecolor="#EFE2BE")

# Add the patch to the Axes
ax.add_patch(rect)

plt.title("Upper Colorado Annual Flow")

ax.set_xlabel("Year", fontsize=16)

ax.set_ylabel ("Annual Flow (cubic feet per year)", fontsize=16)
plt.xticks(fontsize=12)

plt.yticks(fontsize=12)

mpl.rc('legend', fontsize=16)

legend = plt.legend()

plt.show()

plt.close()
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By this metric, the Upper Colorado Basin region has experienced two decadal droughts over the last century.

Synthetic Stationary Generator to Better Quantify Natural Variability

It is important to remember that the streamflow that we have observed in the region over the last century is only
one instance of the hydrology that could occur since the atmosphere is an inherently stochastic system. Thus, we
require a tool that will allow us to see multiple plausible realizations of the streamflow record to understand the internal
variability that characterizes the historical period. One observed realization of historical streamflow is limited in its
ability to capture rare extremes; plausible (but not observed) alternative instances of streamflow records can help to fill
this gap. The tool that we use to develop synthetic flows for the region is a Gaussian Hidden Markov Model (HMM). If a
system follows a Markov process, it switches between a number of “hidden states” dictated by a transition matrix. Each
state has its own Gaussian probability distribution (defined by a mean and standard deviation) and one can draw from
this distribution to create synthetic flows that fit the properties of the historical distribution. HMMs are an attractive
choice for this region because they can simulate persistence (i.e., long duration droughts), which is a characteristic of
the region’s hydro-climatology. The figure below shows an example of a 2-state Gaussian HMM that we will be fitting
for this example.

Below is the code that fits the HMM model to the last 2/3 of the historical record of log annual flows at the CO-UT
stateline gauge and creates an alternative trace of 105 years. A subset of the dataset is chosen in order to minimize
overfitting and to retain a set of data for validation of the model. When we fit our model, we utilize the Baum-Welch
algorithm (a special version of the expectation-maximization algorithm) to find the optimal parameters that maximize
the likelihood of seeing the observed flows. Ultimately, the algorithm will return a mean and standard deviation associ-
ated with each state (mus and sigmas defined below) and a 2x2 transition probability matrix that captures the likelihood
of transitioning between states (P). We can also retrieve the annual hidden states across the observed series, also known
as the Viterbi sequence of states, which classifies each year in a “wet” or “dry” state.

108 Appendix B. Jupyter Notebook Tutorials



# Number of years for alternative trace
n_years = 105

# Import historical data that it used to fit HMM model
AnnualQ_h = pd.read_csv('data/uc_historical.csv"')

# Fit the model and pull out relevant parameters and samples
logQ = np.log(AnnualQ_h)
hidden_states, mus, sigmas, P, logProb, samples, model = fitmodel.fitHMM(logQ, n_years)

We’ve fit our HMM, but what does the model look like? Let’s plot the annual time series of hidden states, or the Viterbi
sequence. In the code, above, we have defined that the drier state is always represented by state 0. Thus, we know that
hidden_states = 0 corresponds to the dry state and hidden_states = 1 to the wet state.

# Plot Vitebi sequence
plotstates.plotTimeSeries(np.log(AnnualQ.iloc[:,0]), hidden_states, 'Annual Flow (cube.,
—feet per year)')
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In the figure above, we see that the years with the higher log flows tend to be classified in a “wet” state and the opposite
is true of the “dry” state. We can also print the transition matrix, which shows the likelihood of transitioning between
states. Note that the system has a high likelihood of persisting in the same state.

print (model. transmat_)

[[0.65095026 0.34904974]
[0.3205531 0.6794469 11

Let’s also plot the distribution of log annual flows associated with the wet and dry states.
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# Plot wet and dry state distributions
plotdist.plotDistribution(logQ, mus, sigmas, P)
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The wet state distribution is characterized by a greater mean flow, but note that there is significant overlap in the tails
of the distributions below which demonstrates why years with similiar flows can be classified in different states.

Now let’s see what the drought dynamics look like in the synthetic scenario that we created using the same definition
that we had used for the historical period.

# Retrieve samples and back-transform out of log space
AnnualQ_s = np.exp(samples[0])

AnnualQ_s = pd.DataFrame(AnnualQ_s)

AnnualQ_s['Year'] = list(range(1909, 2014))

# Define drought threshold
std=statistics.stdev(AnnualQ_s.iloc[:, 0])
threshold=np.mean(AnnualQ_s.iloc[:, 0] - (0.5 * std))

# Where does the rolling mean dip below the threshold

drought_instances = [i for i,v in enumerate(AnnualQ_s.iloc[:, 0].rolling(11).mean()) if.
v < threshold]

drought_years = AnnualQ_s.iloc[:, 1].rolling(11).mean() [drought_instances]

#Visualize the streamflow scenario
fig, ax = plt.subplots(figsize=(12, 8))

#Plot the original line graph
ax.plot(AnnualQ_s.iloc[:,1],

(continues on next page)
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AnnualQ_s.iloc[:,0],
color="#005F73",
label="Annual")

#Plot a 11-year rolling mean

ax.plot(AnnualQ_s.iloc[:,1],
AnnualQ_s.iloc[:,0].rolling(11l, center=True).mean(),
color="#183A2E",
label="11-Year Rolling Mean')

# Add labels and title

ax.axhline(y=threshold,
color="black',
linestyle="'--",
label="Drought Threshold")

for i in drought_years:

#Plot a box centered around those values and with 5 years on either side.
rect = patches.Rectangle((i - 5,

0,

11,

2e7,

linewidth=1,

edgecolor="#EFE2BE",

facecolor="#EFE2BE")

# Add the patch to the Axes
ax.add_patch(rect)

plt.title("Upper Colorado Annual Flow (Synthetic Stationary)",fontsize=16)
plt.xlabel("Year", fontsize=16)

plt.ylabel("Annual Flow (cubic feet per year)", fontsize=16)
mpl.rc('legend', fontsize=16)

plt.legend()

plt.xticks(fontsize=12)

plt.yticks(fontsize=12)

plt.show()

plt.close()
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You can sample from the model and create more 105-year traces and note how the location and number of decadal
droughts changes. This demonstrates how different the historical record can look just within the range of natural
variability. It’s also important to remember that when droughts occur can also define the ultimate effect of the drought
(i.e. is it a time when there is a large population growth or a time when humans can adapt by conserving or building
more infrastructure?). A hydrologic drought need not manifest into an agricultural or operational drought of the same
magnitude if stored surface water is available.

We externally run the HMM many times to create a dataset of 100 instances of the 105-
year traces and 1000 instances of the 105-year traces that are available in the package (“syn-
thetic_stationary_small_sample_100.csv”,“synthetic_stationary_large_sample_1000"). The shaded green lines
correspond to the flow duration curves (FDCs) for the generated streamflow traces in comparison with the FDC of the

historical record in beige.

As expected, the stationary synthetic FDCs envelope the historical FDC and particularly, the synthetic traces offer many
more instances of low flow conditions that could lead to more extreme drought conditions than what has been observed
historically. It is also useful to check for convergence of samples and to determine how many samples are needed to
fully represent internal variability. Above we see that the extension to 1000 instances of 105-year traces fills out regions
of the FDC, including creating some more extreme drought conditions, but that additional samples will likely not fill
out the FDC substantially more.
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Non-Stationary Synthetic Generator to Impose Climate Changes

Now, we create flows under non-stationary conditions to get a better understanding of what flows can look like under
climate changes. In order to create flows under non-stationary conditions, we can toggle the parameters of the HMM
model in order to create systematic changes to the model that can represent a changing climate. The HMM has 6
parameters that define it. When we fit the historical model, the parameters that are fit represent a baseline parameter

value. In this non-stationary generator, we define a range to sample these parameters from.

Parameter Current Value | Lower Bound | Upper Bound
Log-Space Wet State Mean Multiplier 1.00 0.98 1.02
Log-Space Dry State Mean Multiplier 1.00 0.98 1.02
Log-Space Wet State Standard Deviation Multiplier | 1.00 0.75 1.25
Log-Space Dry State Standard Deviation Multiplier | 1.00 0.75 1.25

Change in Dry-Dry Transition Probability 0.00 -0.30 +0.30

Change in Wet-Wet Transition Probability 0.00 -0.30 +0.30

Now let’s sample 1000 times from these bounds to create 1000 new parameterizations of the model. Here we use SALib
and the Latin Hypercube sample function.

# Create problem structure with parameters that we want to sample

problem = {
'num_vars': 6,
'names': ['wet_mu', 'dry_mu', 'wet_std','dry_std', 'dry_tp',"wet_tp"],
'bounds': [[0.98, 1.02],
[0.98, 1.02],
[0.75,1.25],
[0.75,1.25],
[-0.3,0.3],
[-0.3,0.3]1]
}

# generate 1000 parameterizations
n_samples = 1000

# set random seed for reproducibility
seed_value = 123

# Generate our samples
LHsamples = latin.sample(problem, n_samples, seed_value)

Now let’s look at what some of the traces look like in our non-stationary generator. Let’s choose a random instance
from the 1000-member space and adjust the parameters accordingly.

# Define static parameters
n_years = 105

# Sample parameter; Adjust to any sample number from 0-999
sample = 215

# Create empty arrays to store the new Gaussian HMM parameters for each SOW
Pnew = np.empty([2,2])

piNew = np.empty([2])

musNew_HMM = np.empty([2])

(continues on next page)
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sigmasNew_HMM = np.empty([2])
logAnnualQ_s = np.empty([n_years])

# Calculate new transition matrix and stationary distribution of SOW at last node as.

—well as new means and standard deviations

Pnew[0, 0] max(0.0, min(1.0, P[0, 0] + LHsamples[sample][4]))

Pnew[1, 1] max(0.0, min(1.0, P[1, 1] + LHsamples[sample][5]))

Pnew[0®, 1] = 1 - Pnew[0, 0]

Pnew[1l, 0] = 1 - Pnew[1l, 1]

eigenvals, eigenvecs = np.linalg.eig(np.transpose(Pnew))

one_eigval = np.argmin(np.abs(eigenvals - 1))

piNew = np.divide(np.dot(np.transpose(Pnew), eigenvecs[:, one_eigval]),
np.sum(np.dot(np.transpose(Pnew), eigenvecs[:,one_eigval])))

musNew_HMM[O] = mus[0] * LHsamples[sample][1]
musNew_HMM[1] = mus[1] * LHsamples[sample][0]
sigmasNew_HMM[O] = sigmas[0] * LHsamples[sample][3]
sigmasNew_HMM[1] = sigmas[1] * LHsamples[sample][2]

# Generate first state and log-space annual flow at last node
states = np.empty([n_years])
if random() <= piNew[0]:
states[0] = 0
logAnnualQ_s[0]
else:
states[0] = 1
logAnnualQ_s[0]

ss.norm.rvs (musNew_HMM[O], sigmasNew_HMM[O])

ss.norm.rvs(musNew_HMM[1], sigmasNew_HMM[1])

# Generate remaining state trajectory and log space flows at last node
for j in range(l, n_years):
if random() <= Pnew[int(states[j-1]), int(states[j-1]1)]:
states[j] = states[j-1]
else:
states[j] = 1 - states[j-1]

if states[j] ==
logAnnualQ_s[j]

else:
logAnnualQ_s[j]

ss.norm.rvs (musNew_HMM[O], sigmasNew_HMM[O0])

ss.norm.rvs (musNew_HMM[1], sigmasNew_HMM[1])

# Convert log-space flows to real-space flows
AnnualQ_s = np.exp(logAnnualQ_s)-1

Now let’s see what this synthetic trace looks like.

# Retrieve samples and back-transform out of log space
AnnualQ_s = pd.DataFrame(AnnualQ_s)
AnnualQ_s['Year'] = list(range(1909, 2014))

# Define drought threshold
std = statistics.stdev(AnnualQ_s.iloc[:, 0])
threshold = np.mean(AnnualQ_s.iloc[:, 0] - (0.5 * std))

(continues on next page)
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# Where does the rolling mean dip below the threshold

drought_instances = [i for i, v in enumerate(AnnualQ_s.iloc[:, 0].rolling(11).mean()) if.
—Vv < threshold]

drought_years = AnnualQ_s.iloc[:, 1].rolling(11).mean() [drought_instances]

# Visualize the streamflow scenario
fig, ax = plt.subplots(figsize=(12, 8))

# Plot the original line graph

ax.plot(AnnualQ_s.iloc[:,1],
AnnualQ_s.iloc[:,0],
color="#005F73",
label="Annual")

# Plot a 11-year rolling mean

ax.plot(AnnualQ_s.iloc[:, 1],
AnnualQ_s.iloc[:, 0].rolling(ll, center=True).mean(),
color="#183A2E",
label="11-Year Rolling Mean')

# Add labels and title
ax.axhline(y=threshold,
color="black',

linestyle="'--",
label="Drought Threshold')

for i in drought_years:

# Plot a box centered around those values and with 5 years on either side.
rect = patches.Rectangle((i - 5,0),

11,

2e7,

linewidth=1,

edgecolor="#EFE2BE"',

facecolor="#EFE2BE")

# Add the patch to the Axes
ax.add_patch(rect)

plt.title("Annual Flow (Synthetic Non-Stationary)", fontsize=16)
plt.xlabel("Year", fontsize=16)

plt.ylabel ("Annual Flow (cubic feet per year)", fontsize=16)
plt.xticks(fontsize=12)

plt.yticks(fontsize=12)

mpl.rc('legend', fontsize=16)

legend = plt.legend(loc="upper right")

plt.show()

plt.close()
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Above is the example trace from the new non-stationary model. You may see fewer or more decadal drought instances.
We can further summarize overall decadal drought characteristics across the samples. Let’s plot a histogram of the
total number of times we go below the drought threshold across these realizations.

decadal_drought_occurence=np.empty([1000])
for y in range(1000):

# Create empty arrays to store the new Gaussian HMM parameters for each SOW
Pnew = np.empty([2, 2])

piNew = np.empty([2])

musNew_HMM = np.empty([2])

sigmasNew_HMM = np.empty([2])

logAnnualQ_s = np.empty([n_years])

# Calculate new transition matrix and stationary distribution of SOW at last node
# as well as new means and standard deviations

Pnew[0, 0] max(0.0,min(1.0, P[0, 0] + LHsamples[y][4]))

Pnew[1, 1] max(0.0,min(1.0, P[1, 1] + LHsamples[y][5]1))

Pnew[0®, 1] = 1 - Pnew[0, 0]

Pnew[1, 0] = 1 - Pnew[1l, 1]

eigenvals, eigenvecs = np.linalg.eig(np.transpose(Pnew))

one_eigval = np.argmin(np.abs(eigenvals - 1))

piNew = np.divide(np.dot(np.transpose(Pnew), eigenvecs[:, one_eigval]),

np.sum(np.dot(np.transpose(Pnew), eigenvecs[:, one_eigval])))
(continues on next page)
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musNew_HMM[O] = mus[0] * LHsamples[y][1]
musNew_HMM[1] = mus[1] * LHsamples[y][0]
sigmasNew_HMM[O0] = sigmas[0] * LHsamples[y][3]
sigmasNew_HMM[1] = sigmas[1] * LHsamples[y][2]

# Generate first state and log-space annual flow at last node
states = np.empty([n_years])
if random() <= piNew[0]:
states[0] = 0
logAnnualQ_s[0] = ss.norm.rvs(musNew_HMM[O], sigmasNew_HMM[O])
else:
states[0] = 1
logAnnualQ_s[0]

ss.norm.rvs(musNew_HMM[1], sigmasNew_HMM[1])

# generate remaining state trajectory and log space flows at last node
for j in range(l, n_years):
if random() <= Pnew[int(states[j-1]), int(states[j-1])]:
states[j] states[j-1]
else:
states[j]

1 - states[j-1]

if states[j] ==
logAnnualQ_s[j]

else:
logAnnualQ_s[j] = ss.norm.rvs(musNew_HMM[1], sigmasNew_HMM[1])

ss.norm.rvs (musNew_HMM[O0], sigmasNew_HMM[O])

# Convert log-space flows to real-space flows
AnnualQ_s = np.exp(logAnnualQ_s) - 1
AnnualQ_s = pd.DataFrame(AnnualQ_s)
AnnualQ_s['Year'] = list(range(1909, 2014))

# Define drought threshold
std = statistics.stdev(AnnualQ_s.iloc[:, 0])
threshold = np.mean(AnnualQ_s.iloc[:, 0] - (0.5 * std))

# Where does the rolling mean dip below the threshold

drought_instances = [i for i, v in enumerate(AnnualQ_s.iloc[:, 0].rolling(11).
—mean()) if v < threshold]

decadal_drought_occurence[y] = len(drought_instances)

fig, ax = plt.subplots(figsize=(12, 8))
ax.hist(decadal_drought_occurence,label="Non-Stationary generator',color="#005F73")
ax.set_xlabel ('Number of Instances of Decadal Drought', fontsize=16)
ax.set_ylabel('Frequency', fontsize=16)

ax.axvline(x=2, color='r', linestyle='-',label='Observed")

mpl.rc('legend', fontsize = 16)

plt.xticks(fontsize = 12)

plt.yticks(fontsize = 12)

plt.show()

plt.close()
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Note how many more instances of the decadal droughts we are creating with the non-stationary generator than our
observed 105-year trace which creates a rich space in which we can test our models. Just as we did with the stationary
generator, we can externally run the non-stationary generator to create 10,000 instances of the 105-year traces that
are available in the package (“synthetic_nonstationary_large_sample_10000.csv”’). The shaded green and blue lines
correspond to the FDCs for the stationary and non-stationary generated streamflow traces in comparison with the FDC
of the historical record in beige. Note how the non-stationary generator produces even more drought extremes than the
stationary non-synthetic traces.

Placing CMIP5 Projections in the Context of Non-Stationary Flows

We have broadened the drought conditions that we are creating which that can be very useful to understand how our
water systems model performs under potentially extreme scenarios. However, it’s useful to compare our bottom-up syn-
thetically generated flows in the context of global physically-driven CMIP5 projections to get a better understanding
of how the two approaches compare. We first aquire 97 CMIPS5 projections from the Colorado River Water Availabil-
ity Study (CWCB, 2012). In each of these projections, monthly precipitation factor changes and temperature delta
changes were computed between mean projected 2035-2065 climate statistics and mean historical climate statistics
from 1950-2013. These 97 different combinations of 12 monthly precipitation multipliers and 12 monthly temperature
delta shifts were applied to historical precipitation and temperature time series from 1950-2013. The resulting climate
time series were run through a Variable Infiltration Capacity (VIC) model of the UCRB, resulting in 97 time series of
projected future streamflows at the Colorado-Utah state line.

We fit an HMM to each trace of projected streamflow and get a set of corresponding HMM parameters. Then we take
the ratio between these parameters and the baseline HMM parameters that we calculated earlier in the notebook in
order to calculate the multipliers associated with each CMIP5 projection. This is all done externally, so we import the
resulting multipliers in the next line.
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# Read in CMIP5 and paleo multipliers
CMIPS5_multipliers = pd.read_csv('data/CMIP5_SOWs.txt', header=None, sep=" ")

Let’s plot a response surface that will allow us to see how combinations of HMM parameters tend to influence decadal
drought. In order to get a continuous surface, we’ll fit a non-linear regression to the parameter values and then predict
the decadal drought over a set of grid points. We fit the response surface for two parameters that should have an affect
on decadal drought: the dry distribution mean and the dry-dry transition probabilites.

# Choose two parameters to fit the response surface for
mu_dry=[i[1] for i in LHsamples]
tp_dry=[i[4] for i in LHsamples]

# Create an interpolation grid
xgrid = np.arange(np.min(mu_dry),
np.max (mu_dry),
(np.max(mu_dry) - np.min(mu_dry)) / 100)

ygrid = np.arange(np.min(tp_dry),
np.max(tp_dry),
(np.max(tp_dry) - np.min(tp_dry)) / 100)

# Fit regression

d = {'Dry_Tp': tp_dry,
'Dry_Mu': mu_dry,
'Drought_Occurrence':decadal_drought_occurence}

df = pd.DataFrame(d)

df['Intercept'] = np.ones(np.shape(df)[0])

df['Interaction'] = df['Dry_Tp'] * df['Dry_Mu']

cols = ['Intercept'] + ['Dry_Mu'] + ['Dry_Tp'] + ['Interaction']
ols = sm.OLS(df[ 'Drought_Occurrence'], df[cols])

result = ols.fit(Q)

# Calculate drought occurence for each grid point

X, Y = np.meshgrid(xgrid, ygrid)

x = X.flatten()

y = Y.flatten()

grid = np.column_stack([np.ones(len(x)), x, y, X * y])

z = result.predict(grid)

z[z < 0.0] = 0.0 # replace negative shortage predictions with 0

Let’s plot our results:

# Set color gradient for response surface
drought_map = mpl.cm.get_cmap('RdBu_r")

# Reshape our predicted drought occurrence and define bounds of colors
Z = np.reshape(z, np.shape(X))

vmin = np.min([np.min(z), np.min(df['Drought_Occurrence'].values)])
vmax = 15

norm = mpl.colors.Normalize(vmin, vmax)

# Plot response surface and CMIP5 projections

(continues on next page)
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(continued from previous page)

fig, ax = plt.subplots(figsize=(12, 8))
ax.contourf(X, Y, Z, cmap=drought_map, norm=norm)
ax.scatter (CMIP5_multipliers.iloc[:,7],

CMIP5 multipliers.iloc[:,12],

c="#£ffffb3"',

edgecolor="none',

s=30)
cbar = ax.figure.colorbar(mpl.cm.ScalarMappable(norm=norm, cmap=drought_map), ax=ax)
ax.set_xlim(np.nanmin(X), np.nanmax (X))
ax.set_ylim(np.nanmin(Y), np.nanmax(Y))
ax.set_xlabel('Dry State Mu', fontsize=14)
ax.set_ylabel ('Dry-Dry Transition Probability', fontsize=14)
ax.tick_params(axis='both', labelsize=14)
cbar.ax.set_ylabel('Decadal Drought Occurrence', rotation=-90, fontsize=14, labelpad=15)
cbar.ax.tick_params(axis="y',labelsize=14)
plt.show()
plt.close()
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We see the influence of the dry state mean and dry-dry transition parameters. We're likely to see more decadal droughts
when we (1) increase the dry-dry transition probability, which inherently will increase persistence of the dry state, and
(2) when we make the dry state log mean drier. Note that the CMIP5 scenarios tend to span the extent of the dry mean
sample space, but are less representative of the dry transition probability sample space, which suggests that the types
of hydrological droughts represented in the projections tend to only be wetter to slightly drier than our baseline. Both
methods of producing these scenarios are valid, though studies have suggested that globally-resolved GCMs may be
inappropriate to represent regional extremes. Ultimately, if your goal is to produce a variety of ensembles that are
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characterized by many different drought characteristics, you will likely find that a generator approach will serve this
purpose better.

Tips to Create an HMM-Based Generator for your System

In this tutorial, we demonstrated how to fit an HMM-based generator for a single gauge located in the Upper Colorado
River Basin. In order to apply this methodology to your problem, you will need to first ask:

(1) Is this model appropriate for my location of interest? We have applied this style of generator to locations where
persistent wet and dry states are characteristic, which tends to be in the Western US. Ultimately the best way to
judge if an HMM is useful for your application is to fit the model and explore the resulting distributions. Are
there two (or more) distinct states that emerge? If not, then your location may not exhibit the type of persistence
that an HMM-based generator is useful for. You can consider exploring other styles of generators such as the
Kirsch-Nowak generator (Kirsch et al., 2013).

(2) Do I have the right datasets? We use annual data for our location of interest. In this notebook, the HMM is fit
to log annual flows. Ultimately, it can be disaggregated to daily flows (using a reference historical daily dataset)
to be useful in water resources operational applications. You could also disaggregate to a finer resolution than
daily if the historical dataset exists.

If you meet these requirements, feel free to proceed through fitting the model using the code available in the notebook.
Be sure to consider the appropirate number of samples to generate (both in a stationary and non-stationary case). Make
sure that you test multiple sample sizes and continue to increase your sample size until you converge to a consistent rep-
resentation of extremes. What is the appropriate number of LHS samples of the parameters to use? In this experiment
we used 1,000 samples of parameters due to extensive stability tests described in Quinn et al. (2020).

Finally, to learn more about this test case refer to Hadmichael et al. (2020a) and Hadmichael et al. (2020b). For another
study on synthetic drought generation to support vulnerability assessments in the Research Triangle region of North
Carolina, please refer to Herman et al. (2016)
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APPENDIX
C

PLOTTING CODE SAMPLES

C.1 hymod.ipynb

The following are the plotting functions as described in the hymod. ipynb Jupyter notebook tutorial.

The following are the necessary package imports to run these functions:

import numpy as np
import seaborn as sns
import matplotlib.pyplot as plt

from matplotlib.lines import Line2D

C.1.1 plot_observed_vs_simulated_streamflow()

def plot_observed_vs_simulated_streamflow(df, hymod_dict, figsize=[12, 6]):
"""Plot observed versus simulated streamflow.

:param df: Dataframe of hymod input data including columns for precip,.
—potential evapotranspiration,
and streamflow

:param hymod_dict: A dictionary of hymod outputs
:type hymod_dict: dict

:param figsize: Matplotlib figure size

:type figsize: list

i

# set plot style
plt.style.use('seaborn-white")

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# plot observed streamflow
ax.plot(range(0, len(df['Strmflw'])), df['Strmflw'], color="pink')

(continues on next page)
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C.1

def

(continued from previous page)

# plot simulated streamflow
ax.plot(range(0, len(df['Strmflw'])), hymod_dict['Q'], color='black')

# set axis labels
ax.set_ylabel ('Streamflow($mA3/s$) ")
ax.set_xlabel('Days')

# set plot title
plt.title('Observed vs. Simulated Streamflow')

return ax

.2 plot_observed_vs_sensitivity streamflow()

plot_observed_vs_sensitivity_streamflow(df_obs, df_sim, figsize=[10, 4]):
"""Plot observed streamflow versus simulations generated from sensitivity analysis.

:param df_obs: Dataframe of mean monthly hymod input data including columns.

— for precip,

potential evapotranspiration, and streamflow

:param df_sim: Dataframe of mean monthly simulation data from sensitivity.
—analysis

:param figsize: Matplotlib figure size

:type figsize: list

i

month_list = range(len(df_sim))

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# set labels

ax.set_xlabel('Days')

ax.set_ylabel('Flow Discharge (m*3/s)"')

# plots all simulated streamflow cases under different sample sets
for i in df_sim.columns:

plt.plot(month_list, df_sim[i], color="pink", alpha=0.2)

# plot observed streamflow
plt.plot(month_list, df_obs['Strmflw'], color="black™)

plt.title('Observed vs. Sensitivity Analysis Outputs')

return ax
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C.1.3 plot_monthly_heatmap()

def plot_monthly_heatmap(arr_sim, df_obs, title='"', figsize=[14, 6]):
"""Plot a sensitivity metric overlain by observed flow.

:param arr_sim: Numpy array of simulated metrics

:param df_obs: Dataframe of mean monthly observed data from sensitivity.,
—analysis

:param title: Title of plot

:type title: str

:param figsize: Matplotlib figure size

:type figsize: list

e

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# plot heatmap

sns.heatmap(arr_sim,
ax=ax,
yticklabels=['Kq', 'Ks', 'Alp', 'Huz', 'B'],
cmap=sns.color_palette('ch:s=-.2,r=.6"))

# setup overlay axis
ax2 = ax.twinx(Q)

# plot line
ax2.plot(np.arange(0.5, 12.5), df_obs['Strmflw'], color="slateblue')

# plot points on line

ax2.plot(np.arange(®.5, 12.5), df_obs['Strmflw'], color='slateblue', marker='o")

# set axis limits and labels

ax.set_ylim(0, 5)

ax.set_x1im(®, 12)

ax.set_xticklabels(['jan', 'feb', 'mar', 'apr', 'may', 'jun', 'jul',
—~'oct', 'nov', 'dec'])

ax2.set_ylabel ('Flow Discharge($m*3/s$) ")

plt.title(title)
plt.show()

return ax, ax2

'Sep',
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C.1.4 plot_annual_heatmap()

def plot_annual_heatmap(arr_sim, df_obs, title='"', figsize=[14,5]):
"""Plot a sensitivity metric overlain by observed flow. .

:param arr_sim: Numpy array of simulated metrics

:param df_obs: Dataframe of mean monthly observed data from sensitivity.,
—analysis

:param title: Title of plot

:type title: str

:param figsize: Matplotlib figure size

:type figsize: list

e

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# plot heatmap
sns.heatmap(arr_sim, ax=ax, cmap=sns.color_palette("Y1lOrBr"))

# setup overlay axis
ax2 = ax.twinx(Q)

# plot line
ax2.plot(np.arange(0.5, 10.5), df_obs['Strmflw'], color="slateblue')

# plot points on line
ax2.plot(np.arange(0.5, 10.5), df_obs['Strmflw'], color="slateblue', marker='o")

# set up axis lables and limits

ax.set_ylim(0, 5)

ax.set_x1im(®, 10)

ax.set_yticklabels(['Kq', 'Ks', "Alp', 'Huz', 'B'])
ax.set_xticklabels(range(2000, 2010))
ax2.set_ylabel ('Flow Discharge($m*3/s$) ")

plt.title(title)

return ax, ax2
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C.1.5 plot_varying_heatmap()

def plot_varying_heatmap(arr_sim, df_obs, title='"', figsize=[14,5]):

e

Plot a sensitivity metric overlain by observed flow. .

:param arr_sim: Numpy array of simulated metrics

:param df_obs: Dataframe of mean monthly observed data from sensitivity.,
—analysis

:param title: Title of plot

:type title: str

:param figsize: Matplotlib figure size

:type figsize: list

e

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# plot heatmap

sns.heatmap(arr_sim,
ax=ax,
yticklabels=['Kq', 'Ks', 'Alp', 'Huz', 'B'],
cmap=sns.light_palette('seagreen", as_cmap=True))

n_years = df_obs.shape[0]

# setup overlay axis
ax2 = ax.twinx(Q)

# plot line

ax2.plot(range(0, n_years), df_obs['Strmflw'], color="slateblue')

# plot points on line

ax2.plot(range(0, n_years), df_obs['Strmflw'], color="'slateblue', marker='o")

# set up axis lables and limits
ax.set_ylim(0, 5)
ax.set_x1im(-0.5, 119.5)
ax2.set_ylabel('Flow Discharge')
ax.set_xlabel ('Number of Months')

plt.title(title)

return ax, ax2
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C.1.6 plot_precalibration_flow()

def plot_precalibration_flow(df_sim, df_obs, figsize=[10, 4]):
"""Plot flow discharge provided by the ensemble of parameters sets from Pre-
—Calibration versus the observed

flow data.

:param df_sim: Dataframe of simulated metrics

:param df_obs: Dataframe of mean monthly observed data from sensitivity.,
—analysis

:param figsize: Matplotlib figure size

:type figsize: list

e

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# set axis labels
ax.set_xlabel('Days')
ax.set_ylabel('Flow Discharge')

# plot pre-calibration results
for i in range(df_sim.shape[1]):
plt.plot(range(len(df_sim)), df_sim.iloc[:, i], color="lightgreen", alpha=0.2)

# plot observed
plt.plot(range(len(df_sim)), df_obs['Strmflw'], color="black")

plt.title('Observed vs. Pre-Calibration Outputs')

# customize legend

custom_lines = [Line2D([0], [0], color="lightgreen", lw=4),
Line2D([0], [0], color="black", lw=4)]

plt.legend(custom_lines, ['Pre-Calibration', 'Observed'])

return ax

C.1.7 plot_precalibration_glue()

def plot_precalibration_glue(df_precal, df_glue, df_obs, figsize=[10, 4]):
"""Plot flow discharge provided by the ensemble of parameters sets from Pre-
—Calibration versus the observed

flow data.

:param df_sim: Dataframe of simulated metrics

:param df_obs: Dataframe of mean monthly observed data from sensitivity.,
—analysis

(continues on next page)
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(continued from previous page)

:param figsize: Matplotlib figure size
:type figsize: list

i

# set up figure
fig, ax = plt.subplots(figsize=figsize)

# set axis labels
ax.set_xlabel('Days')
ax.set_ylabel ('Flow Discharge')

# plot pre-calibration results
for i in range(df_precal.shape[1]):
plt.plot(range(len(df_precal)), df_precal.iloc[:, i], color="1lightgreen",.
—alpha=0.2)

# plot glue
for i in range(df_glue.shape[1]):
plt.plot(range(len(df_glue)), df_glue.iloc[:, i], color="lightblue", alpha=0.2)

# plot observed
plt.plot(range(len(df_precal)), df_obs['Strmflw'], color="black")

plt.title('Observed vs. Sensitivity Analysis Outputs across GLUE/Pre-Calibration')

# customize legend

custom_lines = [Line2D([0], [0], color="lightgreen", lw=4),
Line2D([0], [0], color="lightblue", 1lw=4),
Line2D([0], [0], color="black", lw=4)]

plt.legend(custom_lines, ['Pre-Calibration', 'GLUE', 'Observed'])

return ax

C.2 fishery_dynamics.ipynb

The following are the plotting functions as described in the fishery_dynamics.ipynb Jupyter notebook tutorial.

The following are the necessary package imports to run these functions:

import numpy as np
import matplotlib.pyplot as plt

from matplotlib import patheffects as pe
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C.2.1 plot_objective_performance()

def plot_objective_performance(objective_performance, profit_solution, robust_solution,.
—figsize=(18, 9)):

"""Plot the identified solutions with regards to their objective performance

in a parallel axis plot

:param objective_performance: Objective performance array
:param profit_solution: Profitable solutions array
:param robust_solution: Robust solutions array
:param figsize: Figure size

:type figsize: tuple

e

# create the figure object
fig = plt.figure(figsize=figsize)

# set up subplot axis object
ax = fig.add_subplot(l, 1, 1)

# labels where constraint is always 0
objs_labels = ['Net present\nvalue (NPV)',
'Prey population deficit',
'Longest duration\nof low harvest',
'Worst harvest instance',
'Variance of harvest',
'Duration of predator\npopulation collapse']

# normalization across objectives

mins = objective_performance.min(axis=0)

maxs = objective_performance.max(axis=0)
norm_reference = objective_performance.copy()

for i in range(5):
mm = objective_performance[:, i].min()
mx = objective_performance[:, i].max()
if mm != mx:
norm_referencel[:, il
else:
norm_referencel[:, i] = 1

(objective_performance[:, i] - mm) / (mx - mm)

# colormap from matplotlib
cmap = plt.cm.get_cmap("Blues™)

# plot all solutions

for i in range(len(norm_referencel[:, 0])):
ys np.append(norm_reference[i, :], 1.0)
XS range(len(ys))
ax.plot(xs, ys, c=cmap(ys[0]), linewidth=2)

# to highlight robust solutions
ys = np.append(norm_reference[profit_solution, :], 1.0) # Most profitable
(continues on next page)
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(continued from previous page)

xs = range(len(ys))

11

—~Normal()1)

ax.plot(xs[0:6],

ys[0:6],

c=cmap(ys[0]),

linewidth=3,

label="Most robust in NPV',

path_effects=[pe.Stroke(linewidth=6, foreground='darkgoldenrod'), pe.

ys = np.append(norm_reference[robust_solution, :], 1.0) # Most robust in all.

—Ccriteria

xs = range(len(ys))
12 = ax.plot(xs[0:6],

ys[0:6],

c=cmap(ys[0]1),

linewidth=3,

label="Most robust across criteria',
path_effects=[pe.Stroke(linewidth=6, foreground='gold'), pe.Normal()])

# build colorbar

sm = plt.cm.ScalarMappable(cmap=cmap)

sm.set_array([objective_performance[:, 0].min(), objective_performance[:, 0].max()])
cbar = fig.colorbar(sm)

cbar.ax.set_ylabel("\nNet present value (NPV)")

# tick values

minvalues = [" " format(mins[0]),

".format(-mins[1]),
str(-mins[2]),

" " format(-mins[3]),
" format(-mins[4]),

str(0)]

maxvalues = [" ".format (maxs[0]),

ax.set_ylabel ("Preference ->

" format(-maxs[1]),
str(-maxs[2]),

" " format(maxs[3]),
" format(-maxs[4]),

str(0)]

, Size=12)

ax.set_yticks([])
ax.set_xticks([0, 1, 2, 3, 4, 5]
ax.set_xticklabels([minvalues[i] + '\n' + objs_labels[i] for i in range(len(objs_

—labels))])

# make a twin axis for toplabels

axl = ax.twiny()

axl.set_yticks([])

axl.set_xticks([®, 1, 2, 3, 4, 51)
axl.set_xticklabels([maxvalues[i] for i in range(len(maxs) + 1)])

(continues on next page)
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return ax, axl

C.2.2 plot_factor_performance()

(continued from previous page)

def plot_factor_performance(param_values, collapse_days, b, m, a):

i

Visualize the performance of our
parametric space.

:param param_values:
:param collapse_days:
:param b:
:param m:
:param a:

i

# set colormap
cmap = plt.cm.get_cmap('RdBu_r")

# build figure object
fig = plt.figure(figsize=plt.figaspe

# set up scalable colormap

policies in three-dimensional

Saltelli sample array
Simulation array

b parameter boundary interval
m parameter boundary interval
a parameter boundary interval

ct(0.5), dpi=600, constrained_layout=True)

sm = plt.cm.ScalarMappable(cmap=cmap)

# set up subplot for profit maximizi
axl = fig.add_subplot(l, 2, 1, proje

# add point data for profit plot
sows = axl.scatter(param_values[:,1]
param_values[:,6]
param_values[:,0]
c=collapse_days[:
cmap=cmap,
s=0.5)

ng policy
ction="'3d")

!0],

# add surface data for boundary separating successful and failed states of the world

pts_ineq = axl.plot_surface(b, m, a,

# add reference point to plot
pt_ref = axl.scatter(0.5, 0.7, 0.005

# set up plot aesthetics and labels
axl.set_xlabel("b")
axl.set_ylabel("m")
axl.set_zlabel("a")
axl.set_z1lim([0.0, 2.0])
axl.set_x1lim([0.0, 1.0])
axl.set_ylim([0.0, 1.5])
axl.xaxis.set_view_interval(0, 0.5)

color="'black', alpha=0.25, zorder=1)

, c='black', s=50, zorder=0)

(continues on next page)
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axl.set_facecolor('white")
axl.view_init(12, -17)
axl.set_title('Profit maximizing policy')

# set up subplot for robust policy
ax2 = fig.add_subplot(l, 2, 2, projection='3d')

# add point data for robust plot

sows = ax2.scatter(param_values[:,1],
param_values[:,6],
param_values[:,0],
c=collapse_days[:,1],
cmap=cmap,
s=0.5)

# add surface data for boundary separating successful and failed states of the world
pts_ineq = ax2.plot_surface(b, m, a, color='black', alpha=0.25, zorder=1)

# add reference point to plot
pt_ref = ax2.scatter(0.5, 0.7, 0.005, c="black', s=50, zorder=0)

# set up plot aesthetics and labels
ax2.set_xlabel("b")
ax2.set_ylabel("m")
ax2.set_zlabel("a")
ax2.set_zlim([0.0, 2.0])
ax2.set_x1lim([0.0, 1.0])
ax2.set_ylim([0.0, 1.5])
ax2.xaxis.set_view_interval(0®, 0.5)
ax2.set_facecolor('white')
ax2.view_init(12, -17)
ax2.set_title('Robust policy")

# set up colorbar

sm.set_array([collapse_days.min(), collapse_days.max()])
cbar = fig.colorbar(sm)

cbar.set_label('Days with predator collapse')

return axl, ax2
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GLOSSARY

Design of experiment: Provides a framework for the extraction of all plausible information about the impact of each
factor on the output of the numerical model

Exploratory modeling: Use of large ensembles of uncertain conditions to discover decision-relevant combinations of
uncertain factors

Factor: Any model component that can affect model outputs: inputs, resolution levels, coupling relationships, model
relationships and parameters. In models with acceptable model fidelity these factors may represent elements of the
real-world system under study.

Factor mapping: A technique to identify which uncertain model factors lead to certain model behavior

Factor prioritization: A technique to identify the uncertain factors which, when fixed to their true value, would lead
to the greatest reduction in output variability

Factor screening: A technique to identify model components that have a negligible effect or make no significant
contributions to the variability of the outputs or metrics of interest

First-, second-, total-order effects: First-order effects indicate the percent of model output variance contributed by a
factor individually. Second-order effects capture how interactions between a pair of parameter input variables can lead
to change in model output. Total-order effects consider all the effects a factor has, individually and in interaction with
other factors.

Hindcasting: A type of predictive check that uses the model to estimate output for past events to see how well the
output matches the known results.

Pre-calibration: A hybrid uncertainty assessment method that involves identifying a plausible set of parameters using
some prespecified screening criterion, such as the distance from the model results to the observations.

Prior: The best assessment of the probability of an event based on existing knowledge before a new experiment is
conducted

Posterior: The revised or updated probability of an event after taking into account new information

Probabilistic inversion: Uses additional information, for instance, a probabilistic expert assessment or survey result,
to update an existing prior distribution

Return level: A value that is expected to be equaled or exceeded on average once every interval of time (T) (with a
probability of 1/T)

Return period: The estimated time interval between events of a similar size or intensity/
Sampling: The process of selecting model parameters or inputs that characterize the model uncertainty space.

Scenario discovery: Use of large ensembles of uncertain conditions to discover decision-relevant combinations of
uncertain factors

Sensitivity analysis: Conducted to understand the factors and processes that most (or least) control a model’s outputs

Local sensitivity analysis: Model evaluation performed by varying uncertain factors around specific refer-
ence values

Global sensitivity analysis: Model evaluation performed by varying uncertain factors throughout their
entire feasible value space

Uncertainty
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Deep uncertainty: Refers to situations where expert opinions consulted on a decision do not know or cannot agree on
system boundaries, or the outcomes of interest and their relative importance, or the prior probability Distribution for
the various uncertain factors present

Epistemic uncertainty: Systematic uncertainty that comes about due to the lack of knowledge or data to choose the best
model

Ontological uncertainty: Uncertainties due to processes, interactions, or futures, that are not contained within current
conceptual models

Aleatory uncertainty: Uncertainty due to natural randomness in processes

Uncertainty characterization: Model evaluation under alternative factor hypotheses to explore their implications for
model output uncertainty

Uncertainty quantification: Representation of model output uncertainty using probability distributions

Variance decomposition: A technique to partition how much of the variability in a model’s output is due to different
explanatory variables.
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